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Abstract. This paper proposes a comprehensive competitive-based scheme for procuring VAR ancillary
services from the dynamic sources in an open-access environment. To make an incentive for the market
participants, the proposed pricing mechanism includes VAR capacity as well as VAR utilization during
system operation. In order to accommodate real power system circumstances and evaluate realistically
expected total VAR capacity and utilization payment during the contracted period, multiple load levels
and the associated critical contingencies for each load level with their occurrence probabilities are
addressed. The problem is stated as a large-scale minimization problem so that the financial and technical
issues, emphasizing voltage security issue, are regarded explicitly in a new unified single formulation.
The proposed formulation stresses the fairly payment in terms of the VAR capacity and VAR utilization
for the worthy VAR providers that are critical for keeping system security under multiple transition states.
The method has been tested on IEEE-57 bus system to examine its capability.

Keywords: deregulation, VAR market, ancillary service pricing, voltage security, PSO.
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1. Introduction
Since the introduction of the electricity markets, there has been an intensive rise in
the number of the new players that looking for a new business opportunity in this
new environment. The swift increase of the new market participants has lead to a
significantly rapid growth in the unpredictable interchange transactions among the
utilities in manner that the transmission system is increasingly being stressed. Under
these stressed conditions, a power system tends to operate closer to its physical and
operation limits. In these circumstances, one of the main concerns of transmission
operator “TO” is the violation of the security criterion in terms line flow limits, bus
voltage limits and voltage stability margin under normal and credible contingencies.
TO has the full responsibility for providing necessary ancillary services that are
essential for the maintenance of the system security. Adequate provision of VAR
ancillary services from the dynamic sources is critical and quite effective to enable
power system to operate within an acceptable degree of reliability and security as
specified in the FERC Order no. 888 [1]. The procurement of VAR services is
especially challenging for TO in the aspects related to pricing mechanism and
several technical issues during system operation. TO should employ a pricing
mechanism that enables it to procure VAR services in a minimum payment, with
insignificant economical impact on market players. Meanwhile, TO should also
recognize the critical VAR providers and fairly remunerate them according to their
relative worth for the system security. The technical issues that should be taken into
consideration in the procurement of VAR services include the following:
 Possible power system transition states with their associated occurrence
probabilities.
 Adequate VAR capacity that should be available for each state to ensure
system security.
 Minimization of the VAR utilization during system operation to guarantee
low economical effect of this service.
In the existing markets, it has been noted that most of transmission operators
address VAR procurement challenges through long-term planning in two pricing
approaches. The first approach is cost-based payment such as New York and PJM
markets and the second one is market-based pricing such as UK market. The acquiring
of VAR support services in these markets mainly relies on the heuristics and TO’
judgments and the above technical issues have not considered clearly in their VAR
services management. Consequently, adequate security level, fairly remuneration of
VAR providers and lowest payment of VAR services can't be guaranteed in these
pricing schemes.
Recently, several research studies have been presented to tackle the
deficiencies of the existing pricing mechanisms. References [2,3] have presented a
competitive VAR market scheme for procuring VAR from generators and
synchronous condensers. The succeeded candidates in this market are supposed to
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get a long term contracts with TO to provide VAR services whenever called upon.
Reference [4] has also introduced a market-based solution for managing VAR
services by integrating VAR procurement with day-ahead energy market. The
common drawbacks of [2-4] are the absence of the inclusion of expected VAR
utilization payment and treatment of voltage security under normal and anticipated
contingency states. Reference [5] has developed a reactive OPF used for simulation
of VAR market in the UK electricity market. The VAR utilization payment and
contingency states have been considered in this proposal. However, the voltage
security and occurrence possibilities of contingencies are still tackling problems to
be treated in this work. Reference [6] directly treats voltage security issue. Although
the work is pioneering, it is not suited for the existing markets since it is based on
day-ahead market, which might eventually suffer from market power problem.
Reference [7] proposes a two-level frame work in a different two time horizons for
the VAR ancillary service considering voltage security issue. In spite of the
significant contribution of this work, the inclusion of expected VAR utilization
payment under the multiple load levels with their associated critical contingencies is
not addressed. Even though the previous research studies have developed worthy
VAR pricing models, it is noted that a pricing proposal that considers the above
financial and technical issues in unified single problem has not been yet developed,
which is the concern of this paper.
The present paper is an extension of the author’ proposal for the provision of
the VAR service from dynamic VAR sources in a competitive market-based
environment [8]. The formulation has been modified to include VAR utilization
payment and possible power system transition states “multiple base cases and
contingencies” with their associated occurrence probabilities. This treatment permits
to accommodate real power system circumstances and consequently evaluate
realistically expected total VAR capacity and utilization payment during the
contracted period. The problem is stated as a minimization problem so that financial
and technical issues mentioned above, emphasizing voltage security issue, are
regarded explicitly in a unified single formulation. The objective function, which is
the sum of expected VAR capacity payment, VAR utilization payment and operating
costs during system operation, is assessed probabilistically under possible power
system transition sates. The proposed method is suited for the existing UK VAR
market, where it can be employed for the simulation and analysis of such kind of
VAR market arrangements.
2. Basic Terms of The Proposed Approach
2.1 Important Assumptions and Considerations
In this sub-section, for the sake of clarity, we identify first the key assumptions and
considerations that underlie the proposed VAR market structure. The significant
assumptions and considerations that have been made and used throughout this study
are as follows:
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I. The VAR providers that are entitled to enter this market are only generators
and synchronous condensers as the case of the current practice of VAR ancillary
service. Other VAR facilities will be freely used by the TO since these devices are
usually under the operator's direct control and their costs are generally recovered
through an access charge [1-5].
II. In this market the generators are obliged "with no payment" to provide their
reactive power in proportion to their active power output. This assumption is made
based on the VAR payment structures in many existing markets. The practice of
these markets mandates generators to supply minimum amount of VAR with no
payment as long as they have been contracted to provide VAR as an ancillary
service. This obligation of VAR is usually within a specified range of power factor.
According to a NERC planning standard guideline [1], reactive capability within 0.9
lagging and 0.95 leading should be available.
III. The market operates on long-term contracts "six months for example" as
this trend is adopted and expected to continue in almost all of the existing electricity
markets and is highly recommended in order to avoid the risk of potential market
power exercise that could be associated with the limited number of regional VAR
providers [2,3,5].
2.2 System Transition States
The multi-transition states that have been introduced in author previous work
for the conventional VAR planning problem [9] are exploited in this work. The
possible power system transitions states that considered in each investigated load
level is simplified as shown in Fig.(1). We assume that, for each load level, the
power system is operating at the base case A, and a contingency k will happen with
probability . When it happens, the proceeding state is assumed to be state B, which
will result in either voltage collapse with probability  or corrective state C with 1-.
In the corrective state, controls are carried out to meet all operational constraints
using all available VAR control devices including the VAR procured from the VAR
providers in the proposed VAR market. The main VAR providers of the proposed
market are generators and synchronous condensers. One of the main features of
these dynamic VAR sources lies in their fast control ability to react quickly against
disturbances. Therefore, when focusing on the generators and synchronous
condensers, the transitions of power system states of Fig.(1) may be simplified.
Namely, as soon as a contingency occurs, the system state directly changes from A
to C very quickly on condition that the other emergency controls also respond fast
enough. In other words, it is assumed that the control coordination is perfect which
contribute to prevent the occurrence of voltage collapse. According to this
assumption, the probability of the contingency that proceeds the system directly to
voltage collapse is assumed to be zero, i.e. =0, and as a consequence the state B is
neglected to simplify the problem.
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Fig. (1). System Transition States

2.3 VAR Market Objective
In this section, the basic concept of the proposed VAR procurement method
is presented. Fig.(2) is assumed to illustrate and clarify the intrinsic idea behind this
work. First, we suppose that TO invites VAR providers to participate in its VAR
market, where the main providers are generators and synchronous condensers. The
structure of this market composed of VAR capacity and VAR utilization during
system operation. Then, the main target of TO is to get long term contracts “six
month for example” with most beneficial VAR providers. The most beneficial
providers are those that simultaneously ensure system security during expected
operating sates and minimize expected total TO VAR service payment. Achieving
this target requires TO to specify a set of expected operating conditions with their
possibilities during the contracted period. Based on the power system transition
states discussed above, a set of possible operating conditions that TO may employ
for this market is assumed as given in Fig.(2). It is assumed that, during contracted
period, there are a number of load levels “L(1), L(2), …, L(T)” that TO considers
significant for the analysis and simulation in this market. The corresponding time
durations of these load levels are “D(1), D(2), …, D(T)”, while the associated base
cases are “A(1), A(2), …, A(T)” as indicated in Fig.(2). It is also supposed that, for
each load level, there are a number of contingencies N the system may be exposed
for. At the load level L(t), when a contingency k occurs with probability α(k,t), the
system will proceed to the corrective state C(t). Therefore, the probability that the
system will be in base case operating state at load level L(t) is (1-∑α(t,k)). According
to this assumption, for load level L(t), the number of hours that will be spent under
the outage of contingency k is D(t) α(k,t) , while the number of hours that will be spent
in base case is D(t) (1-∑α(t,k)). The problem now is how to procure a minimum VAR
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capacity that accommodates all of these operating sates and maintain a certain
degree of security for each individual state. Another problem is how to ideally
utilize this VAR capacity during operation of each expected state and consequently
minimize whole VAR service payment. For this purpose, the objective function is
adopted to simultaneously minimize VAR capacity payment, expected VAR
utilization payment and operating costs under all transition sates as described by the
following equation.
T

FTotal  FCap   F (t )

(1)

t 1

where

F (t )  D (t ) (FA(t )  FC(t ) ),
FA(t )  (1 
FC(t )



N

(t )
)
  (k ,t ) )(FUA(t )  FOpt

k 1

N

  (k ,t ) (FUB(k ,t )  FCc(k ,t ) )

k 1

Where FTotal is the total objective function, FCap is the VAR capacity payment;

F (t ) is expected operating cost of the load level L(t); FA(t ) and FC(t ) are the
expected operating costs of the base case and corrective states for the load level L (t);
(t )
(t )
and FOpt
are the base case VAR utilization payment and power loss cost for
FUA
( k ,t )
( k ,t )
load level L(t); FUB
and FCc
are the VAR utilization payment and corrective

control costs for load level L(t) and contingency k.
It should be mentioned that the probability of contingency happening can be
calculated based on different methods. The use of historical data and statistical
analysis are more common methods. For instant probability α(t,k) can be computed
using the product of frequency and duration of contingency k in a year for load level
t divided by 8760. In this paper, without loss of generality, hypothetic values are
used for contingency probabilities [10-11].
A detailed description of each individual objective function and its associated
constraints that have been employed to ensure system security for all the above
operating states will be explained hereafter.
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Fig. (2). Basic concept of the proposed VAR market

2.4 Generator VAR Output and its Compensation
The VAR market scheme presented here considers only the generators and
synchronous condensers and depends mainly on the generator capability curve
shown in Fig. (3). In this paper we assume that the generators are obligated to
provide a certain amount of reactive power without any payment or compensation
from the TO. This VAR amount is expressed as Qmd1 in the lagging power factor
region and Qmd2 in the leading power factor region as shown in Fig.(3). In brief we
assume that each generator will provide its VAR service as described in following
regions:
Region I ( Qmd2 to Qmd1 ): The reactive power produced in this region is
obligatory with no payment.
Region II ( Qmd1 to Q1 & Qmd2 to Q 2 ): This region represents the extra
reactive VAR provided by generator beyond its obligatory without rescheduling its
real power output. A generator in this region is expecting a payment from the TO for
its service.
Region III ( Q1 to Q1* & Q 2 to Q*2 ): In this region the generator will reduce
its real power schedule ( Psch ) and consequently its lost revenue will be recovered by
the TO. This payment is known as opportunity cost payment. The adjustment of the
real power schedule corresponding to VAR output can be computed based on the
slope of line segment Q1 Q1* or Q 2 Q *2 since the data of Fig.(3) are assumed to be
submitted to TO in the proposed scheme.
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Psch
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Fig. (3). Generator Capability Curve

Based on the classification of the above regions, a bidding scheme that
allows the TO to procure VAR service from generators and synchronous condensers
in competitive manner is introduced. This market consists of VAR capacity and
VAR utilization during the expected transition states. Therefore, the generators and
synchronous condensers will provide their VAR capabilities in MVAR and their
associated offer prices in $/MVAR for the recovery of the VAR capacity. Also they
are required to submit their VAR utilization offer prices in $/MVARh in order to
recover the VAR utilization during system operation. The bidding method mainly
relies on the generator VAR payment function depicted in Fig.(4).
The mathematical expression of the VAR capacity payment FCap is given by
equation (A1) in Appendix A. The VAR capacity pattern acquired based on (A1)
will be utilized in the normal state and emergency situations, where each successful
provider will make its contracted VAR capacity available for the TO to mitigate
constraint violations and to guarantee its desired security level during operation.
FCap

capacity

Q*2 Q2 Q md2

FU

utilization

Qmd1 Q1 Q* MVAR
1

Fig. (4). Payment Structure
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For the recovery of the VAR utilization, the bidding criterion is identical to
the VAR capacity payment. Namely, the generators will provide their offer prices in
$/MVARh for each region discussed above and the utilization payment will be
determined according to the VAR utilized in the system operation by employing the
VAR utilization payment equation given in the Appendix B:
3. Transition States Consideration in The Problem Formulation
This section is devoted to develop the main contribution of this study, where the
mathematical formulation that considers VAR capacity payment, utilization
payment and operating costs under the previous transition states in a unified single
problem is introduced. The generators and synchronous condensers are merely the
main providers of the VAR service in the proposed formulation. The mathematical
formulation for each transition state introduced for the conventional VAR planning
problem [9, 10] has been modified to meet the economical and technical issues
mentioned in section 1.
3.1 Base Case Sub-problems
The base case sub-problems evaluate the operation cost of the normal stats
under specific number of load levels stipulated by TO. As we have mentioned
before, for each load level, the power system is supposed to operate for a certain
period of time. Therefore, choosing a proper objective function to be minimized in
the normal operation throughout duration time of each load level can effectively
satisfy adequate payment of VAR service. In this paper, the cost of the power loss
and VAR utilization payment are selected as the main objective function in each
base case sub-problem. To maintain voltage stability margin requirement, two sets
of constraints have been included in the formulation for each base case. The first set
represents the equality and inequality constraints at the nominal load operating point
and the second set represents the equality and inequality constraints at the point of
collapse. According to this assumption, the base case sub-problem of the load level
L(t) is formulated as:
Minimize

(t )

FA

N

 (1 

(t )
(0)
(0)
(0)
(x b , pb ,Qb ))
  (k ,t ) )(FUA(t ) (Qb(0) )  FOpt

(2)

k 1

subject to

y b - (r2 r4 )dpsch - sb(0) - f (x b(0) , pb(0) ,Qb(0) )  0 


0  sb(0)  s max ,
x min  x b(0)  x max


p min  pb(0)  p max , Q min  Qb(0)  Q max



(3)
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y b  (c(0)  1) y d - (r2 r4 )dpsch - sc(0) - f (x c(0) , pc(0) ,Qc(0) )  0 


w (x c(0) , pc(0) ,Qc(0) , sc(0) , c(0) )f x ( x c(0) , pc(0) ,Qc(0) , sc(0) , c(0) )  0 



w 0



0  sc(0)  s max ,
c(0)  min


p min  pc(0)  p max , Q min  Qc(0)  Q max

(4)

where
Q min  Q md 2  r1Q g 1  r2 (Q 2 - Q md 2 )  r2Q g 2
Q max  Q md 1  r3Q g 3  r4 (Q1 - Q md 1 )  r4Q g 4

where (3) with the subscripts b and (4) with c indicate the nominal load operating
point and collapse point respectively. Constraints (3) consist of ac power flow
equations, operation limits of voltage magnitude, angle, load shedding, VAR devices
including generators, synchronous condensers, etc. Constraints (4) consist of
conditions for voltage collapse point, which include a set of point of collapse
equations, limits of control devices, load shedding and load power margin for
(t )

(t )
security. Fopt is power loss cost for load level L(t). FUA
is base case VAR

utilization payment for load level L(t). The superscript (0) refers to the base case subproblem. x is the state variables vector “ voltage magnitudes and angles”. s is load
shedding vector. p is the control variables vector “VAR control devices” excluding
Q . y b is nominal load “ base case”. y d is load direction vector. Q is the generator
and synchronous condensers VAR output. f is power flow equations at nominal
load. w is left eigenvector “ row vector”. f x is power flow Jacobian “ singular at

nose point”. dpsch is the change of active power schedule in region III.  is the load
parameter value.

Note that the equality constraints at the point of collapse stand for the
conditions of the saddle node bifurcations, which are useful in identifying  [12].
Another important point is that the term (r2 r4 )dpsch in (3) and (4) will only be
active when generator provides its VAR in region III. Otherwise this term will be
null.
In the above formulation, in order to simplify the problem, the utilization
(t )
payment FUA
is expressed as a linear function of the reactive power output of each

provider “ Qb(0) ”. This simplification enables us to treat each base case sub-problem
in the implementation as nonlinear programming problem as we will discuss
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hereafters. Consequently, based on the output of the reactive power Qb(0) , the var
utilization and its associated payment is calculated. For instance, when the lagging
var output Qb(0) is between zero and Qmd1 , the reactive power utilization Qu 3 and
(t )
is equal zero. When the lagging VAR
Qu 4 are equal zero and consequently FUA

output Qb(0) is between Qmd1 and Q1 , the VAR utilization Qu 4 is equal zero and
the reactive utilization Qu 3 and it associated payment are computed based on the
linear segment Qmd1 Q1 . Finally, when the lagging VAR output Qb(0) is between Q1
and Q1* , Qu 3 = Q1 - Qmd1 , while Qu 4 and its associated payment are calculated
based on the linear segment Q1 Q1* .
3.2 Post-Contingency States Sub-problems
As indicted in Fig.(2), for each load level L(t), there are a number of
contingencies N that proceed the system to the corrective states, where each
contingency will be remained for a certain period of time. The main objective here is
to employ a proper objective function that ensures a minimum VAR services
payment in these sates while maintaining system security. To achieve this purpose,
for each contingency, the corrective control actions are assumed based on the
reactive power controls and load shedding to guarantee the system security. We
assume that the VAR control costs are trivial compared with the load shedding cost.
The objective function is chosen to minimize simultaneously the expected total
amount of the control costs and VAR utilization payment while satisfying the
constraints set for the nominal load operating point and the collapse point. The
formulation of this problem for the load level L(t) is stated as:
(t )

Minimize FC



N

 FC(k ,t )

(5)

k 1

( k ,t ) (k)
(k ,t ) (0) (k) (k) (0) (k)
FC(k ,t )   (k ,t ) (FUB
(Qb )  FCc
(p ,p ,s ,Q ,Q ))

FCc (p(0) ,p(k,t) ,s(k,t) ,Q(0) ,Q(k,t) )=

{ μ sl s(k,t) + μ pi p(k,t) -p(0) + μ qj Q(k,t) -Q(0) }
l

i

j

Subject to
(k,t) (k,t) (k,t) (k,t) (k,t)
G (k,t)
b (x b ,pb ,s b ,Qb ,b )  0
(k,t) (k,t) (k,t) (k,t) (k,t)
G (k,t)
)0
c (x c ,pc ,sc ,Qc ,c

k=1:N

(6)
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where G (k,t)
and G (k,t)
c are similar to the constraints (3) and (4) respectively
b
except that the superscript k refers to post- contingency state and the load shedding s
is included. μ sl , μ pi and μ qj are unit control cost coefficients of s, p and Q
( k ,t )
( k ,t )
respectively. FUB
and FCc
are VAR utilization payment and corrective control

cost for the load level L(t) and contingency k. Similar to the base case sub-problems,
based on the output of the reactive power Qb( k ,t ) , the VAR utilization Qu 1 , Qu 2 ,
( k ,t )
will be determined.
Qu 3 and Qu 4 and its associated payment FUB

3.3 Overall Problem Formulation
To guarantee the economic efficiency of the VAR service, we simultaneously
minimize the total payment of procured VAR and operating costs in normal and
contingency states as follows:
Minimize FTotal  FCap 

T

 D (t ) (FA(t )  FC(t ) )

(7)

t 1

Subject to: Generator constraints (A2- A4)
Base case constraints (3) and (4)
Post-contingency states constraints (6)
4. Solution Algorithm
The overall problem (7) is deemed as a large-scale mixed integer nonlinear
optimization problem. The classical optimization methods do not work efficiently
and often encounter a great difficulty in handling such kind of hard optimization
problems. The heuristic techniques are a good alternative in such situation as they
are more often capable of attaining satisfactory solutions in a reasonable amount of
time to the challenging problems as the problem we are addressing. Accordingly, an
optimization technique based on a particle swarm optimization [13] and successive
linear programming (PSO/SLP) for finding a global optimal solution of (7) is
presented in this section. The computational procedures of the proposed method are
summarized in Fig.(5). The algorithm starts from a random initial swarm, where its
particles are indicated in Fig.(5) by Prc.1, Prc.2.,…., Prc.1,. Each particle in the
swarm represents a candidate solution, i.e., a pattern of generators VAR capacity.
For instant, assume particle 1 (Prc.1) represents a candidate pattern of generators
VAR capacity, where its payment FCap can directly computed using equation (A1).
This candidate pattern is used as a common candidate for each transition state in the
load levels “L(1), L(2), …, L(T)” to minimize operating costs and VAR utilization
payment during normal operation and emergency states. For each load level, the
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SLP is used to solve individually the base case optimization sub-problem (2-4) and
its associated post-contingency states sub-problems (5-6). The expected operating
costs “F(1), F(2), …,F(T)” of the load levels “L(1), L(2), …,L(T)” are computed in
these optimization problems. According to the optimization results, the fitness of
prc.1 is evaluated in terms of FCap , F(1), F(2), …and F(T). The same computational
procedures will be repeated for each particle in the swarm. Consequently, the best
previous position for each particle and best particle among all the particles are stored
in a solution set. Then, the new velocity and position for each particle are updated
based on current velocity, current position, producing next iteration. These
procedures are repeated till a termination criterion is satisfied.

Prc. 2

Prc. 1

Prc. m

VAR capacity payment FCap
L(1)

L(T)

Base case

Base case

Cont.1

Cont.1

Cont.N

Cont.N

evaluate Prc. 1

evaluate Prc. 2

evaluate Prc. m

store best previous postions and global position
update particles velocity and position
next iteration
Fig. (5). A hybrid PSO/SLP Solution Method

5. Simulation Results
The proposed method of VAR market scheme was tested on modified IEEE 57 bus
system shown in Fig.(6). The analysis were executed for three load levels (NL=3) at
130%, 140 % and 150 % of the original load. The corresponding time durations (T)
of the three load levels are set 70%, 20% and 10% respectively. Two severe
contingencies have been adopted for each load level for the examination. The severe
contingencies of 130% load level were the outages of lines (25-30) and (46-47) with
probabilities 0.03 and 0.025 respectively. The outages of lines (25-30) and (46-47)
with probabilities 0.02 and 0.015 are assumed for the load level 140%. The
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associated contingencies and probabilities for the third load level 150% are the
outages of lines (25-30) and (46-47) with probabilities 0.01 and 0.005 respectively.
The objective of TO in this simulation is to get a long term contract with the
promising VAR providers in a minimum payment while keeping the load margin ≥
0.25 and bus voltage magnitudes within 0.9-1.1 pu. The minimum payment means
that a simultaneous minimization of the expected VAR capacity and VAR utilization
payment under the previous transition states. The period of long term contract is
assumed 180 days. According to the contracted period and the data given above the
time duration of each transition state is indicated in table (1).

Fig. (6). IEEE-57 bus system.

An Integrated Competitive-Approach

103

Table (1). Time durations of the transition states "hours".
Load Level

1.3

1.4

1.5

Base case

2786.4

712.8

367.2

Cont 1

129.6

86.4

43.2

Cont 2

108.0

64.8

21.6

Table (2) shows the offered prices in $/MVAR and $/MVARh for the
recovery of the VAR capacity as well as VAR utilization during system operation
respectively. The VAR capabilities of each region associated with each load level
are also indicted in the table. The data given in table (1) is provided for only the
lagging region which is vital for the voltage stability problem. Note that the
providers 1, 3 and 5 are synchronous condensers and therefore their VAR mandatory
obligations and opportunity offer prices are set zero as shown in Table (2).
Table (2). Generators and synchronous condensers offers.

Capacity
prices
Utilization
prices
1.3
Load
level

1.4

1.5

Generator
3 ,  4

u 3 , u 4
Qmd1 , Q1 , Q1*
Qmd1 , Q1 , Q1*
Qmd1 , Q1 , Q1*

1

2

3

4

5

6

24,0.0

21, 37.5

18,0.0

25.5,34.5

17.4,0.0

23.4,42

0.016,
0.0
0.0,
0.5,
0.5
0.0,
0.5,
0.5
0.0,
0.5,
0.5

0.014,
0.05
0.17,
0.79,
0.97
0.18,
0.77,
0.97
0.20,
0.75,
0.97

0.012,
0.0
0.0,
0.25,
0.25
0.0,
0.25,
0.25
0.0,
0.25,
0.25

0.017,
0.046
1.92,
2.77,
3.25
2.07,
2.63,
3.25
2.22,
2.50,
3.25

0.012,
0.0
0.0,
0.09,
0.09
0.0,
0.09,
0.09
0.0,
0.09,
0.09

0.016,
0.056
1.32,
2.07,
2.52
1.42,
2.00,
2.52
1.53,
1.94,
2.52

Based on the data submitted in table (2), the solution algorithm given in
section 4 is executed. The parameters of PSO used in the simulation are: min =0.4,

max = 0.9, c1 = c 2 =2, v id min =-2 v id max = 2, swarm sizes 20. The optimal VAR
procured from the VAR providers 1 to 6 are 0.193, 0.789, 0.25, 2.51, 0.09 and 1.94
pu respectively. The associated total cost is 233.75. The convergence characteristic
for this examination is given in Fig.(7).
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Table (3). VAR utilization payments and operating costs .

VAR Utilization
Payment

Operating Costs

Load Level

1.3

1.4

1.5

Base case

49.6546

15.9696

9.6945

Cont 1

2.3000

2.0177

1.1035

Cont 2

1.8779

1.5138

0.5643

Base case

66.1655

20.0624

12.2990

Cont 1

0.0000

0.0000

0.0000

Cont 2

0.0000

0.0000

0.0000

2000
1800

total objective function F

1600
1400
1200
1000
800
600
400
200

0

50

100

150

iteration number

Fig. (7). Convergence Characteristic of PSO/SLP

The procured VAR are used to maintain the desired minimum voltage
magnitude "0.9" and load margin value "0.25" during operation for all the expected
transition states "base cases and contingency states". The total cost stands for the
VAR capacity payment, VAR utilization payment and the operating costs "power
losses and control costs". The total capacity payment is 50.52, which represents the
sum of capacity payments associated with above load levels and their expected
contingencies. The capacity payment for the load levels 1.3, 1.4 and 1.5 are 37.08,
9.36 and 4.08 respectively. Note that, the more the load level is, the lesser its
capacity payment. That is occurred as a results of the increasing of real power
schedules for the generators and consequently their VAR mandatory obligations are
increased to ensure the transfer of the real power. According to the expected time
duration given in table (1), the procured VARs are exploited during system
operation for all the transition states. The VAR utilization payments and operating
costs corresponding to each state are shown in table (3). Observe that, the load level
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1.3 has the highest base case utilization payment since its time duration is much
higher than the load levels 1.4 and 1.5. Note also that, since the time durations for
the contingency cases are much lower than the base cases, the utilization payments
are too low compared to the base cases for all load levels. The operating costs are
mainly the base case costs which stand for the power losses costs associated with
each load level. The control costs are almost zero since their unit costs are set too
low in the simulation.
6. Conclusions
An integrated market-based scheme which considers both of VAR capacity and
VAR utilization payments for pricing the dynamic VAR sources is introduced. A
new unified single formulation that incorporate financial issue in terms of VAR
service payment and technical issues considering system transition states,
emphasizing voltage security issue, is presented.
The objective function, which is the sum of expected VAR capacity payment,
VAR utilization payment and operating costs during system operation, is assessed
probabilistically under possible power system transition sates "multiple base cases
and contingencies". The method has been tested on IEEE-57 bus system, where the
results demonstrate its rigorous applicability. The proposed method is suited for the
existing UK VAR market, where it can be employed for the simulation and analysis
of such kind of VAR market arrangements.
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Appendix A: VAR Capacity Payment Formulation
The mathematical expression of the VAR capacity payment is given by the
following equation:
FCap  (-1Q g 1 )r1 - 1 (Q 2  Q md 2 )r2  (2Q g 2 )r2
 (3Q g 3 )r3  3 (Q1  Q md 1 )r4  (4Q g 4 )r4

(A1)

With the constraints A2 and A3 representing leading and lagging regions
respectively.

r1 (Q2  Q md 2 )  Q g 1  0, r2 (Q *2  Q 2 )  Q g 2  0

(A2)

0  Q g 3  (Q1  Q md 1 )r3 , 0  Q g 4  (Q1*  Q1 )r4

(A3)

r1  r2  r3  r4  1

(A4)
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where the coefficients ( 1 , 3 ) and ( 2 , 4 ) are the offer prices in $/MVAR that
the generators provide for regions II and III respectively; ( Q g 1 , Q g 3 ) and
( Q g 2 , Q g 4 ) are variables to be determined corresponding to provided VAR
amounts in regions II and III respectively; Q1 , Q1* , Q 2 and Q *2 are parameters to
be offered by the generators; r1 , r2 , r3 and r4 are binary variables. According to
(A4) only one of these binary variables can be selected. This constraint ensures that
VAR output of generators will be in only one of the defined three regions.
Appendix B: Formulation of VAR Utilization Payment
The VAR utilization payment is represented mathematically as follows:

FU  (-u 1Qu 1 )r1 - u 1 (Qu 1 )r2  (u 2Qu 2 )r2
 (u 3Qu 3 )r3  u 3 (Qu 3 )r4  (u 4Qu 4 )r4

(B1)

With the constraints B2 and B3 representing leading and lagging regions
respectively.

r1Q g 1  Qu 1  0, r2Q g 1  Qu 1  0, r2Q g 2  Qu 2  0

(B2)

0  Qu 3  r3Q g 3 , 0  Qu 3  r4Q g 3 , 0  Qu 4  r4Q g 4

(B3)

where the coefficients ( u 1 , u 3 ) and ( u 2 , u 4 ) are the offer prices in
$/MVARh that the generators provide for regions II and III respectively; ( Qu 1 , Qu 3 )
and ( Qu 2 , Qu 4 ) are the utilized VAR amounts to be determined in regions II and III
respectively. In the above equations, the constraints (B2) and (B3) guarantee the
VAR utilization variables Qu 1 , Qu 2 , Qu 3 and Qu 4 to be within the committed VAR
capacity Q g 1 , Q g 2 , Q g 3 and Q g 4 for each individual region respectively.
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 .يقدم هذا البحث اقرتاحا جديدًا للحصول على خدمة القدرة غري الفعالة من املصادر
الدينامكية (املولدات أو املكثفات املتزامنة) املخول هلا تقديم هذه اخلدمة يف سوق الكهرباء احلالي .السوق
التنافسية املقرتحة للقدرة غري الفعالة تشمل كل من السعة املطلوبة باإلضافة إىل االستغالل للقدرة غري
الفعالة أثناء التشغيل و ذلك لتحفيز املنافسني للدخول يف سوق تزويد القدرة غري الفعالة .حملاكاة وحتليل
األنظمة احلقيقية املوجودة حاليا مت األخذ يف االعتبار احلاالت االنتقالية اليت ميكن أن يتعرض هلا النظام
حبيث تشمل حاالت أساسية متعددة واحتماالتها باإلضافة إىل احتمالية حدوث حاالت طارئة مالزمة لكل
حالة أساسيه .وقد مت وضع املشكلة ألول مرة يف صيغه موحدة تشمل مجيع احلاالت املذكورة وذلك للتقييم
احملتمل لدالة اهلدف واليت تشمل تصغري التكلفة املتوقعة لكل من السعة املطلوبة من خدمة القدرة غري الفعالة
وكذلك استغالهلا باإلضافة إ ىل تصغري التكلفة املتوقعة للتشغيل والتحكم .وتؤكد الصيغة املقرتحة على
املسائل املالية والفنية يف وقت واحد حيث تضمن االستغالل األمثل للقدرة غري الفعالة املتاحة للحفاظ على
استقرار اجلهود أثناء حاالت التشغيل احملتملة وبالتالي مت الوصول إىل أقل تكلفه ممكنه هلذه اخلدمة .وقد مت
تطبيق الطريقة املقرتحة على شبكة  IEEEاملكونة من  75حامل قضبان وذلك لتوضيح كفاءتها وفاعليتها.
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ABSTRACT. In this paper, superconducting generator (SCG) stability enhancement via coordinated
design of a governor controller (GC) and a static VAR compensator (SVC)-based fuzzy logic stabilizer is
investigated. The GC is a conventional lead stabilizer activated by the speed error signal, while the signal
produced by the SVC-based stabilizer is based on the SCG speed deviation and acceleration, and on two
fuzzy membership functions reflecting few simple control rules. An objective function is defined and the
design problem of efficient GC and SVC-based fuzzy stabilizer is formulated as an optimization problem.
Particle swarm optimization (PSO) technique is employed to search for optimal parameters of GC and
SVC-based stabilizer. Simulation results show that the proposed PSO-tuned control scheme provides
good damping to the SCG, and enhances its stability over a range of operating conditions.
Keywords: Superconducting generator, Transient stability, FACTS, Fuzzy logic control, Particle swarm
optimization

List of Symbols
B
F
GM , GI
Gs
H

: susceptance of the SVC
: fractional contribution of the turbine stage into Tm
: main and interceptor valve positions
: gain of governor controller
: inertia constant
: current
i
Ks , Kd : synchronizing and damping coefficients
Ksvc, Ts : gain and time constant of the SVC
p
: derivative operator
Po
: boiler steam pressure
Pt , Qt : active power and reactive power at generator terminal
R
: resistance
T1 , T2 : time constants of governor controller
Te
: air-gap torque
Tm
: mechanical torque
u
: stabilizing signal generated by governor controller
Ug
: governor actuating signal

uSVC
V
Y








: stabilizing signal generated by SVC-based stabilizer
: voltage
: output of a turbine or reheat stage
: rotor angle with respect to infinite bus
: time constant of stage
: flux linkage
: rotor speed deviation from synchronous speed (rad/s)
: synchronous speed (rad/s)

o
Subscripts
a
: armature winding
d,q
: d and q axis circuits of stator winding
D1,Q1 : d and q axis circuits of outer screen
D2,Q2 : d and q axis circuits of inner screen
f
: field winding
HP
: high pressure stage
IP
: intermediate pressure stage
LP
: low pressure stage
RH
: reheat stage

109

110

Ragaey Abdel-Fattah Saleh

1. Introduction
Superconducting generators have several potential advantages such as small size,
light weight, high efficiency and increased steady state stability limit [1-2]. The
advantages of SCG have drawn more interest in industrial countries since 1970's,
such as in USA, UK and Japan where many R&D projects on SCGs have been
conducted at utility companies, power plant manufacturers and other organization
toward a 200 MW class pilot-machine [3-7]. Despite these advantages, SCG field
winding has an extremely large time constant. The excitation system is therefore not
able to change quickly the field current to meet the grid requirements under transient
conditions. SCG is also characterized by low inertia and low inherent damping, each
of which adversely affects the machine stability when connected to a power system.
Inevitably, governor control becomes the feasible technique to enhance stability of
superconducting generators. The availability of electro-hydraulic governors and fast
operation of steam valves has now made it possible to obtain very fast turbine
response. Research works reported in Ref. [8-9] have shown that SCG stability can
be improved by introducing a phase advance network in the governor feedback loop,
activated by the speed error signal.
Recently, the flexible AC transmission systems (FACTS) have been
introduced, in which various power electronics-based controllers are used to
maximize the utilization of transmission assets efficiently and reliably [10-11]. In
addition, FACTS devices regulate power flow and, through rapid control actions,
can mitigate low frequency oscillations and enhance power system stability [12-13].
On the other hand, fuzzy logic stabilizers have appeared as a viable
alternative to the conventional stabilizers for enhancing power system stability [1415]. Control scheme based on fuzzy logic is important to consider in view of its
potentially lower computational burden and flexible reconstruction. The application
of fuzzy control techniques appears to be particularly useful whenever the system to
be controlled is complex and has uncertainty and imprecision. These properties
certainly apply to power systems incorporating superconducting generators.
Early investigation on the dynamic performance of a SCG when equipped
with a static VAR compensator at its terminal was reported in Ref. [16]. In that
study, the stabilizing signal was not optimized. Moreover, the governor role in
damping the machine oscillation was not considered. However, some efforts have
been made towards stability enhancement of SCG using coordinated governor
controller and FACTS device-based conventional stabilizer [17]. The conventional
stabilizer parameters are fixed to ensure optimum performance at a specific
operating point. However, because of the high nonlinearity of the machine/power
system combination, the stabilizer’s performance becomes lower when the system
operating condition moves significantly away from the specific point. Therefore, the
conventional stabilizer should have some degree of robustness to be able to stabilize
the system over a wide range of operating conditions.
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In this paper, enhancement of SCG stability using coordinated design of a static
VAR compensator (SVC)-based fuzzy stabilizer and a governor controller (GC) is
studied. The coordinated optimal parameters of SVC-based fuzzy stabilizer and GC
are sought by utilizing the PSO technique [18]. Various non-linear simulation studies
are carried out to investigate the effectiveness of the proposed scheme.
2. System Description
The system considered in this study is a SCG connected to an infinite bus power
system as shown in Fig. (1) [17]. The SCG has superconducting field windings in
the rotor, surrounded by two separate screens. The inner screen, which has a
relatively long time constant, shields the superconducting field windings from
external, time varying magnetic fields. The outer screen serves as a damper and has
a substantially shorter time constant than that of the inner screen [19]. The SCG is
driven by a three-stage steam turbine with reheat between the high pressure and
intermediate pressure stages. The turbine is controlled by fast acting electrohydraulic governors fitted to the main and interceptor valves, which are working in
unison. The system is equipped with a governor controller and a SVC at the terminal
of the SCG. The exciter voltage, Ue , of the SCG is kept constant during transients.
Ue

Reheat
Stage

Steam

Exciter
Ug

Ug

interceptor
governor

main
governor
HP
Stage

Transm. Lines
IP
Stage

LP
Stage

Infinite
Bus

SCG

SVC

Fig. (1). SCG system under study with SVC
Fig.1 SCG system under study with SVC

3. Mathematical Model
The mathematical models for SCG, turbine and governor are shown below, while
the parameter values and physical constraints are given in the Appendix. All the
state variables used in the mathematical models for the system under study is in per
unit except  is in radian and  is in radian/s.
3.1. Superconducting Generator Model
Based on Park’s d-q axis representation, seven non-linear differential
equations are used to represent the mathematical model of the SCG’s electric
circuits. These equations along with the mechanical equations of motion give the
flux linkage model of the SCG [9] as follows:

Ragaey Abdel-Fattah Saleh

112

p d   o [Vd  id Ra   q ]   q

(1)

p q   o [Vq  iq Ra   d ]   d 

(2)

p D1   o i D1 RD1

(3)

p Q1   o iQ1 RQ1

(4)

p D 2   o iD 2 RD 2

(5)

p Q 2   o iQ 2 RQ 2

(6)

p

f

  o [V f  i f R f ]
p  

p 

o
2H

(7)
(8)

[Tm  Te ]

Te   d iq  qid

(9)
(10)

3.2. Turbine and Governor Model
The mathematical model of the turbine and governor system is represented
by six non-linear differential equations [18] as follows:

pYHP  (GM Po  YHP ) /  HP

(11)

pYRH  (YHP  YRH ) /  RH

(12)

pYIP  (GI YRH  YIP ) /  IP

(13)

pYLP  (YIP  YLP ) /  LP

(14)

pGM  (U g  GM ) /  GM

(15)

pGI  (U g  GI ) /  GI

(16)

The output mechanical torque is given as:

Tm  FHPYHP  FIP YIP  FLPYLP

(17)
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The main and interceptor valves are conventionally actuated by a normalized
speed error signal incorporating a droop, typically 4%. Constraints are imposed on
valve positions and rates of movement. The rate constraint is based on complete
opening or closing time for the valves of 150 ms. The rate limits correspond to the
fastest valve operation reportedly available in literature [20].
4. The Proposed Approach
4.1. Control Objective
The control objective is to generate two stabilizing signals using the speed error
signal. The first control signal is produced via a conventional controller and then
introduced into the governor loop of the SCG system as shown in Fig. (2). The
control signal, u, generated by the conventional controller is given as:

u  Gs .

(1  T1s)
.
(1  T2 s)

(18)

where ω is the speed error signal, Gs , T1 and T2 are the controller parameters,
which have to be designed properly to achieve a satisfactory performance. The
phase advance network is a lead compensator, which increases the stability by
increasing the gain and phase margins. The network provides both speed error and
speed derivative (acceleration) signals. An advantage of existing a derivative term in
the stabilizer output is that it possesses an anticipatory characteristic and initiates an
early correcting or stabilizing action.



Controller
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_

Ugr +
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ug
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Governor
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1
% Droop
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control
system
(2).governor
The governor
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The second signal is produced via a SVC-based fuzzy stabilizer. The two
stabilizing signals are coordinated to enhance the damping of the rotor oscillations
after disturbances, and hence to improve the transient and dynamic performance of
the system.
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4.2. SVC-Based Fuzzy Stabilizer
The block diagram of an SVC with a fuzzy stabilizer is shown in Fig. (3).
Functionally the SVC is thought of as an adjustable shunt susceptance that can be
varied with sufficient rapidity. Elaborated model for SVC can be seen in Ref. [21].
However, the susceptance, B, of the SVC can simply be expressed as:

pB  ( K svc ( Bref  uSVC )  B) / Tsvc

(19)

where Ksvc and Tsvc are the gain and time constant of the SVC. Bref is the
reference susceptance of the SVC and uSVC is the stabilizing signal generated by the
fuzzy stabilizer installed in the feedback loop of the SVC shown in Fig.(3), instead
of the conventional lead stabilizer used in ref. [17].

Bmax
Bref +

K svc
(1  Tsvc s )

+

uSVC

B
Bmin

D/A

microcomputer

A/D



Fig. (3). SVC with digital (fuzzy) stabilizer
Fig.3
SVC with digital (fuzzy) stabilizer

The signal uSVC is synthesized using fuzzy logic as follows. Fuzzy logic is the
logic underlying modes of reasoning which are approximate rather than exact. Thus
it is closer to human reasoning and real world than formal logic.
The SCG condition is defined at every sampling time, kTs , in terms of its
speed deviation and scaled acceleration, [ (k), F* d (k)/dt], where d (k)/dt=[ (k)(k-1)]/Ts , Ts is the sampling interval and F is a predefined scaling factor. This
condition represents a certain point, Z, in the [ (k), F*d (k)/dt] phase plane as
shown in Fig. (4). The polar displacement D(k) of this point from the origin, and the
corresponding angle (k) are computed as:

D(k )  [((k )) 2  ( F *  (k )) 2 ]0.5

(20)

 (k )  tan 1 ( F *  (k ) /  (k ))

(21)
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d/dt

Decision
axis

Z
D(k)

(k)

r

Decision
axis

r



r
r

Fig. (4). Definition of SCG condition in the phase plane

The phase plane is divided into four quadrants. Each quadrant has simple
control rules according to the degree of deceleration and/or acceleration control
required to restore the machine condition, after the disturbance, to the origin of the
phase plane as soon as possible with an acceptable performance. Generally,
deceleration control and hence a positive control signal, is only required when the
SCG status locates in a certain quadrant (say the first quadrant). Acceleration control
and hence a negative control signal is required only when the SCG status lies in the
opposite quadrant (i.e. the third quadrant). Decreasing (or increasing) deceleration
and increasing (or decreasing) acceleration as well are required when the SCG status
lies in the other two (i.e. the second and the fourth) quadrants. Two fuzzy
membership functions, N(), shown in Fig.(5), associated with the desired
deceleration, and P() associated with the desired acceleration, are defined in terms
of the polar angle, , defined by equation (21) to reflect the actions of the control
rules. The defining relations for N() and P() are:

for    i
1

1    / 1   i  for  i    1
N ( )  
for 1     2
0
   2  /  f   2  for  2     f

P( )  1  N ( )

for all 

(22)

(23)
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The angles i12and f are normally fixed at 90, 180, 270 and 360
degrees respectively with excitation control of conventional generators [22]. The
fuzzy membership functions described by equations (22) and (23) can be portrayed
in terms of a pair of what can be termed “decision axes”, shown in Fig. (4), on the
phase plane. It was found by the present investigator that, for best results, the angles
i12and f should again progress in 90 degree steps, but that an offset angle r
between the phase plane axis set (i.e. the (k) and F*d (k)/dt axes) and the decision
axis set (i.e. quadrant boundaries) should be introduced as shown in Fig. (4) [23].
This offset angle r, which can be regarded as a new tuning parameter, is hence
introduced when designing the fuzzy logic-based stabilizer. It specifies the best
location for each quadrant with its particular control rules on the phase plane. In
effect, the offset angle r rotates the decision axis set anti-clockwise until the
minimum of a predefined performance index is obtained.
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This has the effect in turn of changing the final shapes of fuzzy membership
functions over the whole universe of discourse, i.e. another set of control rules is
generated according to the degree of rotation r. The resulting two membership
functions then lead to a stabilizing signal, uSVC (k), given by:
uSVC (k) = G(k) [N((k)) - P((k))] umax

(24)

where G(k) is the gain whose value is defined as:
G(k) = D(k)/Dr

for D(k)<Dr

(25)

G(k) = 1

for D(k)  Dr

(26)

The parameter Dr is a set value of polar displacement at which the gain is
required to saturate at unity. However, the implementation of the above SVC-based
fuzzy stabilizer requires the following steps in each sampling time:
Step1: SCG speed deviation, (k), is sampled and the scaled acceleration,
F*d (k)/dt, is computed.
Step2: D(k) and (k) are determined using equations (20, 21).
Step3: Values of both fuzzy membership functions, N() and P(),
calculated.

are

Step4: The control signal uSVC (k) is determined using equation (24).Both of u
and uSVC have upper and lower limits, i.e.

umin  (u, uSVC )  umax

(27)

5. Stabilizer Parameters Selection Using PSO
Recently, a heuristic search method called particle swarm optimization (PSO) has
been introduced. PSO is characterized as a simple concept, easy to implement, and
computationally efficient. Theses features make PSO technique able to accomplish
the same goal as genetic algorithm (GA) optimization does in a new and faster way.
A number of very recent successful applications of PSO on various power system
problems has been reported in literature [18].
The tuning parameters of the proposed coordinated control scheme are F, Dr
and r for the SVC-based fuzzy stabilizer and Gs , T1 and T2 for the governor
controller (GC). umax (the maximum size of the control signal) is a pre-specified
constant parameter. For optimal settings of the tuning parameters, the quadratic
performance index, J, defined by equation (28) is also used. For convenience, it is
recalled here:
N

J  {[kT. (k )]2  [ (k )]2  [GM ]2 }
k 1

(28)
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Where (k) and GM (k) are the deviations of the rotor angle and the
governor valve position, respectively, from their steady state values. In addition, N
denotes the total number of time steps. This index is chosen because a low value of
it reflects small settling time, small steady state error, and small overshoots in each
of rotor speed, rotor angle, and valve position. The tuning parameters are selected to
minimize this performance index subject to the following constraints:
Fmin  F  Fmax

(29)

Dr ,min  Dr  Dr ,max

(30)

 r ,min   r   r ,max

(31)

GS , min  GS  GS , max

(32)

T1, min  T1  T1, max

(33)

T2, min  T2  T2, max

(34)

The digital simulation for the SCG system is used in conjunction with the
PSO process, which is then used to search for the optimal set of the tuning
parameters, which minimizes the performance index chosen. PSO itself has a
number of parameters to be properly specified. The main PSO parameters are the
initial inertia weight, w0, and the maximum allowable velocity, Vmax. These
parameters and other PSO parameters are set as in [17].

6. Simulation Results
A number of simulation studies has been performed to investigate the effectiveness
of the proposed SVC-based fuzzy stabilizer in improving stability of the SCG under
study. The performance index was evaluated, in all cases, in response to a threephase to ground fault of 120-ms duration at the sending end of the transmission line
with the operating point (Pt=0.8 p.u, Qt=0.6 p.u). Variation of the performance index
J with the number of iterations is shown in Fig. (6) in two cases. In the first case, the
optimal set of (F, Dr ,r) for the SVC-based fuzzy stabilizer was searched for using
PSO; considering governor controller (GC) with Gs=0.1 T1,=0.5s and T2=0.01s [24].
In the second case, coordinated design for best combination of (F, Dr ,r) for the
SVC-based fuzzy stabilizer and (Gs , T1, T2 ) for the GC was sought using PSO and
GA. Three remarks are drawn from Fig. (6). First, lower values for the performance
index were reached to in the second case, either using GA or PSO. Second, PSO
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converged to a lower value for the performance index than that obtained by GA.
Third, the GA pre-maturely converged (it did 62 iterations), while PSO did many
more iterations to find out more optimal settings of the tuning parameters.
Therefore, it is concluded that the coordinated design (using PSO) for the SVCbased fuzzy stabilizer and the GC results in the highest possible improvement in the
SCG performance for the cases considered.
The optimal coordinated values selected by PSO for (F, Dr ,r) and (Gs , T1,
T2 ) are (0.028, 0.923, 3.84 o) and (0.061, 1, 0.01) respectively. Performance of the
SCG system with the optimally designed control scheme following a 3-phase short
circuit fault at the sending end of the transmission line, at [(Pt, Qt) = (0.8, 0.6), (0.9,
0), (0.7, -0.2) p.u] is shown in Figs. (7 to 9), in comparison with the performance
when governor controller (GC) [24] is considered only. Figures (10 to 12) show the
system response to a temporary (100-ms long) 10% step increase in the governor set
point (Ugr) at the previous loading conditions.

Performance index

142
First case using PSO

140
138
136
134

Second case using GA
Second case using PSO

132
130
0

20

40
60
80
100
Number of iterations

120

Fig. 4.5 Convergence of performance index with iterations
Dashed, single dotted line for second case using PSO
Fig. (6). Convergence of performance index with iterations using PSO & GA.

Solid line for second case using GA

First case: Optimizing parameters of SVC-based fuzzy stabilizer only.
Second case: Optimizing parameters of both SVC-based fuzzy stabilizer and GC.
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The results show that the proposed control scheme results in a considerable
reduction in the rotor oscillations with acceptable valve movements at various
loading conditions, the matter that represents an improvement in the SCG transient
performance (after major and minor disturbances). In addition, the results show that
the SVC sometimes operates in bang-bang control mode when a major disturbance
(3-phase SC fault) occurs. This happens because the rating of the SVC is limited to a
small value for economic consideration. The variation of susceptance BSVC of the
SVC is controlled by the signal uSVC produced by the SVC-based fuzzy stabilizer. As
is seen and concluded from the figures, this signal is so well synthesized and
optimized that the SVC produces or absorbs reactive power in a way that increases
damping of the mechanical-mode oscillations of the SCG under study.
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7. Damping and Synchronizing Torques Analysis
The object of this section is to investigate the effects of the proposed control scheme
and other schemes on the SCG dynamic performance using the concept of damping
and synchronizing torques, which was initially introduced by Demello and
Concordia [25]. According to this concept, the change in electrical torque acting on
the rotor, Te , can be divided into two components: one is in time phase with, and
proportional to the rotor angle deviation . This is called the “synchronizing
torque”. The other, which is in time phase with and proportional to the rotor speed
deviation  is called the “damping torque”. The change in electrical torque can be
written as follows:

Te  K s   K d 

(35)

where Ks and Kd are the synchronizing and damping coefficients respectively.
It is now well recognized that machine stability is highly degraded if there is lack of
either or both of synchronizing and damping torques. The values of Ks and Kd are
determined from the time responses of electrical torque, rotor angle and rotor speed,
using the technique explained in Ref. [26-27]. In that technique, the error between
the actual torque deviation and that obtained by summing the damping and
synchronizing torque components is defined as:

E (t )  Te (t )  [ K s  (t )  K d  (t )]

(36)

The error squares can be summed over the simulation time period.
Minimizing this summation with respect to Ks and Kd yields the following dependent
algebraic equations:

 T  K  ( )
e

s

n

2

 K d 

n

 T  K 
e

n

(37)

n

d

n

2

 K s 

(38)

n

Solving the equations (37) and (38) gives the values of Ks and Kd, where n is
the discrete-simulation time.
A summarized comparison of the proposed scheme and other schemes (viz.
SVC with GC [17], and GC [24] only) is shown in Table (1).
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Table (1). Comparison of the proposed scheme and other schemes.
(Pt, Qt) p.u

(0.8, 0.6)

(0.7, -0.2)

J

Kd

Ks

Kd

Ks

Proposed scheme

131.25

0.25

1.996

0.242

1.223

SVC with GC [17]

130.2

0.231

1.941

0.212

1.184

GC [24]

261.7

0.014

2.011

0.016

1.251

Table (1) shows that the GC [24] offers the SCG the lowest damping, while
adding SVC-based stabilizer with the GC to stabilize the SCG increases the damping
of the system, whether the SVC-based stabilizer is the conventional type [17] or the
fuzzy type proposed here. The results show that the proposed scheme increases the
damping coefficient Kd by 8% and 14% at [(Pt, Qt) = (0.8, 0.6), (0.7, -0.2) p.u]
respectively, compared with that using SVC with GC [17], and by 16.85 times and
14 times respectively, compared with that using the GC [24]. Therefore, it can be
concluded that the proposed scheme outperforms the other considered schemes at
the operating points studied. It provides the SCG system with the highest possible
degree of damping while keeping the synchronizing torque at a high level.
8. Conclusion
This paper investigated the application of one of FACTS devices for stability
enhancement of superconducting generators. An approach was proposed for the
design of a static VAR compensator-based fuzzy stabilizer in coordination with a
governor controller to provide more damping to mechanical oscillations of the SCG
studied. A performance index was defined and the PSO technique was used to select
the optimal parameters of both SVC-based fuzzy stabilizer and GC. Simulation
results show the effectiveness of the proposed control scheme in damping the rotor
oscillations, and enhancing the SCG stability over a range of operating conditions
and various disturbances. Analysis of damping and synchronizing torques was used
to provide another quantitative assessment of the SCG performance with the
designed SVC-based fuzzy stabilizer and GC. Results of non-linear simulation
studies show the effectiveness of the proposed approach in enhancing SCG stability.
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11. APPENDIX A
The parameters of the SCG system used in this study (inductance and resistance
values in p.u; time constants in seconds) are [8, 9]:
Superconducting generator parameters:
Lf=0.541, Ld=Lq=0.5435, LD1=LQ1=0.2567, LD2=LQ2=0.4225
Lfd=LfD1=LdD1=LdD2=LD1D2=0.237
LfD2=0.3898, LqQ1=LqQ2=LQ1Q2=0.237
f=750, Rd=Rq=0.003
RD1=RQ1=0.01008, RD2=RQ2=0.00134
H=3 kW.s/kVA
Transformer and transmission line parameters:
XT =0.15, RT =0.003, XL =0.05, RL =0.005
Turbine and governor parameters:
GM =GI =0.1, HP =0.1, RH =10,
IP =LP =0.3, Po = 1.2 p.u.
FHP = 0.26, FIP = 0.42, FLP = 0.32
Valve position and movement constraints are defined by:
0  (GM , GI )  1 and  6.7  ( pGM , pGI )  6.7
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يعد استخدام املوصالت فائقة التوصيل يف أجهزة القدرة الكهربائية مثل احملوالت و املولدات
من التكنولوجيات املتقدمة يف العصر احلالي .كما يعد استخدام املولدات فائقة التوصيل يف نظم القوى الكهربائية
أحد احللول الواعدة للتغلب على الطلب املتزايد للقدرة الكهربائية و ما يتعلق به من مشاكل يف التوليد والنقل
والتكلفة .متتاز املولدات فائقة التوصيل مقارنة باملولدات األخرى بصغر احلجم و الوزن و زيادة الكفاءة و
باخنفاض ممانعتها التزامنية .و هلذه املولدات أيضا مزايا بيئية نتيجة االخنفاض يف الوقود املستهلك و انبعاث ثاني
أكسيد الكربون .من ناحية أخرى تعاني هذه املولدات من ضعف اخلمد الذاتي لالهتزازات الطارئة وصعوبة
التحكم فيها من جهة املغذي ,و لذلك تعترب زيادة استقرارها من القضايا اهلامة لتطوير هذه املولدات .يقدم هذا
البحث طريقة فعالة لتحسني استقرار هذه املولدات باستخدام معوض القدرة غري الفعالة الساكن ,حيث يتم
تصميم موازن باستخدام الذكاء االصطناعي إلمخاد الذبذبات امليكانيكية (بالتنسيق مع حاكم البخار الداخل
للتوربني) ملولد فائق التوصيل متصل بالشبكة الكهربائية عن طريق خط نقل مزدوج و حمول رفع ,و مزود عند
طرفيه مبعوض ساكن للقدرة غري الفعالة .مت استخدام طريقة السرب لتحديد القيم املثلى لثوابت املوازن املقرتح.
و متت دراسة و تقويم أداء النظام املدروس عند ظروف تشغيل خمتلفة و مقارنة النتائج مع تلك املنشورة يف
املراجع .توضح نتائج احملاكاة أن املوازن الغيمي املقرتح و املصمم بواسطة طريقة السرب يؤدى إىل حتسن واضح
يف أداء و استقرار النظام املدروس.
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Abstract. In this paper, EOQ models with stochastic demand for items with imperfect quality are
developed for two cases; with and without replacement of nonconforming items, considering 100%
inspection policy with the assumption that an imperfect inspection is performed. An order is considered to
be placed from a supplier when the inventory level reaches the reorder point. When the order is received,
an inspector will inspect the whole lot with the consideration that Type I or Type II inspection errors
could be committed by the inspector during the inspection process. The probability of misclassification
errors is assumed to be known. The fraction nonconforming is assumed to be a random variable following
a known distribution. The objective of this research is to determine the optimal order quantity and reorder
point such that the total cost is minimized. A solution for determining the order quantity and reorder point
is proposed. Numerical examples with some sensitivity analysis for important model parameters are
provided for the proposed model. Possible future extensions to the presented model are presented in the
conclusion.
Keywords: EOQ; Stochastic demand; Imperfect quality; Inspection errors
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1. Introduction
In the classic economic order quantity (EOQ) model, many simplifying assumptions
are made when developing a closed form solution for the optimal order quantity.
One particular assumption of relevance to the current study is that the items
produced are all of perfect quality. Random yield production processes have gained
considerable interest by researchers for theoretical and practical purposes. The
production lot may contain a number of defective items, which could result from
weak process control, deficient planned maintenance, inadequate work instructions
and/or damage in transit [1]. In models that assume imperfect quality items, it is
assumed that the inspection process for detecting the defective items in a lot is errorfree. However, the inspection process is subjected to inspection errors, Type I and
Type II errors, which might be committed by the inspector, e.g. inaccuracy in
inventory records [2], which their presence may seriously affect the product quality.
Hence, there is a need to determine the optimal order quantity for imperfect-quality
items with the consideration of imperfect inspection [3].
In this paper, EOQ models with stochastic demand for items with imperfect
quality have been proposed. The proposed models have the following features: The
order quantity and reorder point are the decision variables; models are developed for
the case when nonconforming items are replaced and also for the case where
nonconforming items are discarded without replacement, and 100% inspection
policy is adopted with the assumption of an imperfect inspection is performed; that
is, Type I and Type II errors might occur during the inspection process.
The remainder of this paper is organized as follows. A literature review is
presented in section 2. Problem definition, notation and assumptions are presented in
Section 3. Joint inventory inspection model with and without replacement of
nonconforming items are developed in Section 4. Section 5 contains models analysis
for determining optimal solutions. In Section 6, numerical examples are provided for
the proposed solution. Finally, conclusion and possible future works are stated in
Section 7.
2. Literature Review
A literature review is presented in this section for a number of literature models that
have dealt with the relationship between ordering quantity and quality control. The
literature is classified based on the consideration of inspection errors.
2.1 Considering inspection errors
Reference [4] incorporated Type I and Type II inspection errors into an
economic manufacturing quantity EMQ model under the imperfect production
system and derived the expected total cost with the objective of determining the
optimal production cycle length and optimal inspection number. Reference [5]
proposed multi-stage lot sizing models for imperfect production processes and
considering the effect of imperfect quality on lot sizing decisions and effect of
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inspection errors. Reference [6] developed a production inventory model that takes
into account the effect of imperfect production processes, preventive maintenance
and inspection errors with the objective of finding the optimal production quantity
where shortages are not allowed. They considered 100% inspection policy where the
defective items detected are discarded. Also, Reference [7] proposed a profitmaximizing economic production quantity model with no shortages that
incorporates imperfect production quality and imperfect inspection adopting 100%
inspection policy and considering rework and salvage for defective items detected.
Reference [8] considered a simple single-vendor single-buyer supply chain system
in which products are received with defective quality; and 100% inspection process
is performed with possible inspection errors considering that defective items found
will be replaced. He developed a cost model for the supply chain system in which
shortages are not allowed and with the objective of determining the optimal number
of shipments as well as the size of each shipment. Reference [9] investigated the
integration of the acquisition of input materials, material inspection and production
planning, where type I and type II inspection errors are allowed, and the unit
acquisition cost is dependent on the average quality level. They aimed to find an
optimal purchase lot size, input quality level and the associated inspection policy
that minimize the total cost per item with the assumption that shortages are not
allowed and the defective items found will be replaced. Reference [10] proposed a
cost-minimizing EOQ model that incorporates imperfect production quality,
inspection errors, shortages backordered, and quantity discounts considering 100%
inspection processes with possible inspection errors. Reference [3] determined an
optimal production/order quantity where shortages are not allowed. They considered
100% inspection policy with the assumption of imperfect inspection process is
performed and detected defective items would be salvaged as a single batch and sold
at a lower price. Reference [11] developed an EOQ model when items are of perfect
and imperfect quality and a single acceptance sampling plan with destructive testing
and inspection errors is adopted.
2.2 Not considering inspection errors
Reference [12] studied a joint lot sizing and inspection policy under an EOQ
model where a random proportion of units are defective and can be discovered only
through costly inspections. They developed a model for finding optimal lot size and
fraction to inspect with the consideration that defective items found will be replaced.
References [13] and [14] assumed that the arrived lot may contain some defective
items, and they adopted a sub-lot inspection policy. Also they assumed that
uninspected defective items which were sold can be returned which resulted in an
extra treatment cost for the vendor. They considered a continuous review inventory
model with a mixture of backorders and lost sales in which the order quantity,
reorder point, and lead time are the decision variables. References [15] and [16]
studied a production/inventory situation where items, received or produced, are not
of perfect quality. They developed an EOQ/EPQ model for determining the optimal
production/order quantity with the assumption that shortages are not allowed and
poor-quality items will be sold as a single batch at discounted priced after the end of
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the 100% inspection process. Reference [17] provided a framework to integrate
lower pricing, rework and reject situations into a single EPQ model considering
shortages are not allowed and 100% inspection is performed in order to identify the
amount of good quality items, imperfect quality items and defective items in each lot
with the assumption that defective items could be used in another production
situation or sold at a lower price. References [18] and [19] developed integrated
inventory inspection models with and without replacement of nonconforming items
where inspection policies include no-inspection, sampling inspection, and 100%
inspection considering deterministic and stochastic demand, respectively, and
shortages are backordered. They proposed a solution procedure for determining the
operating policies for inventory and inspection consisting of the order quantity
reorder point, sample size, and acceptance number. References [20] and [21]
developed an EOQ model for which each ordered lot contains some defective items
and shortages backordered with the assumption that 100% inspection process is
performed for each lot and the found defective items are either sold at a lower price
or discarded. Reference [22] considered a production/inventory system with the
assumptions that shortages are backordered, each lot contains a random proportion
of defective units, the purchaser conducts a 100% inspection to identify the
acceptable items, and the detected imperfect items are either sold in a secondary
market, as a single batch and at a lower price, or reworked. Reference [23]
developed an inventory model for items with imperfect quality and quantity
discounts; the defectives are screened out by a 100% inspection for each shipment
and sold in a batch by the end of inspection at the last shipment of each cycle.
Reference [24] studied an inventory system with the assumptions that demand is
satisfied by recovered and new purchased items, the shortages are not allowed,
returned items by customers are kept in recoverable inventory until the start of a
combined process of inspection and recovery, and the recovered items are as-goodas new. However, if recovered items do not qualify to be classified as
remanufactured, they will be sold in a secondary market at a reduced price.
The models in the literature do not consider stochastic demand and errors in
inspection in a single treatment. This article will bridge this gap in the literature by
developing models that combine stochastic demand and inspection errors.
3. Problem Definition
Orders of size
are placed from a supplier when the stock drops down to the
reorder level . Due to the uncertainty in demand during lead time, there are chances
of shortages if demand is underestimated and high holding costs if demand is
overestimated. When shortages occur, they are backordered. The incoming quality
of received lots is stochastic in nature following a known distribution and each lot
contains a fixed proportion of defective items. When a lot is received, an inspector
will inspect the whole lot; 100% inspection policy is adopted, with a fixed rate of
misclassification; a proportion of nondefective items are classified to be defective
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and a proportion
of defective items are classified to be nondefective. It is
assumed that the probability density functions
, and
are known.
There are two scenarios regarding the nonconforming items observed during
inspection process; they are either all replaced or all discarded. Both of these cases
are discussed here as non-replacement case and replacement case of nonconforming
items. In each case, the costs considered are: the setup cost, inventory holding cost,
screening cost (inspection cost and misclassification cost resulted due to imperfect
inspection), rectifying cost (in the case when nonconforming items are replaced),
and shortage cost. The aim is to determine the optimal ordering quantity
and
reorder level such that the total expected cost is minimized.
Demand during the lead time is assumed to be stochastic and shortages are
backordered. Moreover, the following assumptions are made regarding the
inspection process: the fraction of nonconforming in the incoming lot is stochastic
and follows a known distribution. An imperfect inspection process is performed; and
the inspection time is negligible. Two cases are considered for the nonconforming
items detected during the inspection process: they are either all discarded without
replacement or all replaced. In case that the found nonconforming items are
replaced, the replacements are delivered within the same inventory cycle.
4. Joint Inventory Inspection Models
In this section, a joint inventory inspection model is developed considering two
cases: (1) nonconforming items found during inspection are discarded and (2)
nonconforming items are replaced with good items. Since
and
are
random variables, their expected values are used in determining the total expected
annual cost for both cases.
4.1 Model without replacement of nonconforming items
In this case, the total cost includes the setup cost, inventory holding cost,
screening cost (inspection cost and misclassification cost) and shortage cost. The setup
cost is for each time an order is placed. The inventory holding cost per cycle is:
(1)
The screening cost per cycle is the sum of inspection cost and misclassification cost,
which is resulted due to inspection Type I and Type II errors, and can be written as:
(2)
Where

is the cost resulted due to Type I error; and

is the cost resulted due to Type II error. The expected shortage
quantity per cycle is:
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(3)
Hence, the shortage cost per cycle will be
per cycle will be:

.Therefore the total expected cost

(4)
The expected cycle length is equal to:
(5)
Therefore, by dividing the total expected cost per cycle (Eq. 4) by the expected cycle
length (Eq. 5), the total expected annual cost will be:

(6)

4.2 Model with replacement of nonconforming items
In this case, the total cost includes the same costs considered in the previous
model except for the inventory holding cost as the average level of the typical
inventory cycle for this model differs from the previous one. So the inventory
holding cost per cycle for this model is:
(7)
Also, as the defective items are assumed to be rectified in this model, so the
rectifying cost will be added, which is equal to
per cycle.Therefore the
total expected cost per cycle will be:
(8)
Since all the nonconforming items will be replaced, so the expected cycle
length will be:
(9)
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Therefore, by dividing the total expected cost per cycle (Eq. 8) by the
expected cycle length (Eq. 9), the total expected annual cost will be:

(10)

5. Models Analysis
We need to find the optimal order quantity

and optimal reorder point . So, the

expressions for optimal order quantity and reorder point
section for both models developed in the previous section.

are determined in this

5.1 Model without replacement of nonconforming items
In order to find the optimal , we find the first partial derivative of the total
expected annual cost (Eq. 6) with respect to , set the derivative equal to zero, and
solve for as follows:

Hence, the optimal value of

will be:
(11)

Following the same way of determining
reorder point as follows:

Hence, the optimal value of

, we can find the expression for optimal

will be:
(12)
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5.2 Model with replacement of nonconforming items
Following the same steps applied on the previous model, we can find the
optimal value expressions for and for the total expected annual cost (Eq. 10) as
follows:

Hence, the optimal value of

will be:
(13)

The first partial of Eq. 10 with respect to

Hence, the optimal value of

is:

will be:
(14)

Note that Eq. 12 and Eq. 14 describe the relationship between the reorder point
and the cost parameters of the model for each case. If the shortage cost

is greater

than holding cost , it is better to carry more inventory than to risk a shortage and
vice versa.
6. Results and Discussion
In this section, some examples are solved using the proposed solutions in the
previous section. The purpose is to illustrate the proposed solutions and conduct
some sensitivity analysis for important model parameters.
The data of the examples are taken from [19]:

,

,

,

,
,
,
,
. Demand during lead time
follows uniform distribution between 0 and 50 with mean 25.
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Results for the model without replacement of nonconforming items are
shown in Table (1). Results for the model with replacement of nonconforming items
are shown in Table (2). In addition, results from both models with some sensitivity
analysis for various important parameters are compared with [19], when applicable,
for the same data used in this example and are also shown in Tables (1 & 2). Based
on the sensitivity analysis conducted for various important model parameters, and
have more effect on the order quantity
and

than the other parameters. Similarly,

have less effect on the total expected annual cost than the other parameters.

Figures (1 and 2) show that the expected annual cost is a convex function of
the order quantity for the model without replacement of nonconforming items and
model with replacement of nonconforming items respectively. The plots of the two
annual costs show that the replacement option reduces the expected annual cost.
7. Conclusion
In this paper, EOQ models for stochastic demand are developed for two cases with
and without replacement of nonconforming items, which are discoverable during the
inspection process; Type I and Type II errors might occur during the inspection
process considering 100% inspection policy. The probability of misclassification
errors is assumed to be known. The lot fraction nonconforming is assumed to be a
random variable following a known distribution. The aim is to find the optimal order
quantity and reorder point for each model such that the total cost is minimized. The
solution for determining the optimal order quantity and reorder point for both cases
is proposed. Numerical examples with some sensitivity analysis for important model
parameters are presented for the proposed models.
Possible extensions for future research could be by considering other
inspection policy such as sampling inspection policy or considering alternative
inventory models such as periodic review. Also, for the nonconforming items,
selling them at a discounted price in a maximized-profit model could be considered.
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Table (1). Results for model without replacement of nonconforming items.
EOQ (considering inspection
EOQ (not considering inspection
errors)
errors)

0.5

1288.52

49.69

52,763.41

1256.31

49.69

31,888.98

1

1288.52

49.69

79,061.90

1256.31

49.69

57,530.01

1.5

1288.52

49.69

105,360.38

1256.31

49.69

83,171.04

2

1288.52

49.69

131,658.87

1256.31

49.69

108,812.06

10

1288.52

49.69

104,702.92

-

-

-

20

1288.52

49.69

105,031.65

-

-

-

30

1288.52

49.69

105,360.38

-

-

-

40

1288.52

49.69

105,689.12

-

-

-

5

1288.52

49.69

92,539.87

-

-

-

10

1288.52

49.69

98,950.13

-

-

-

15

1288.52

49.69

105,360.38

-

-

-

20

1288.52

49.69

111,770.64

-

-

-

1

2880.93

49.86

101,875.97

2808.90

49.86

79,686.62

3

1663.39

49.76

103,930.49

1621.80

49.76

81,741.14

5

1288.52

49.69

105,360.38

1256.31

49.69

83,171.04

8

1018.74

49.61

107,056.84

993.27

49.61

84,867.49

5

1289.00

48.77

105,358.09

1256.78

48.77

83,168.74

10

1288.68

49.39

105,359.62

1256.46

49.39

83,170.27

20

1288.52

49.69

105,360.38

1256.31

49.69

83,171.04

30

1288.46

49.80

105,360.64

1256.25

49.80

83,171.29

25

743.83

49.82

102,772.52

725.33

49.82

80,583.17

50

1052.07

49.75

104,236.80

1025.77

49.75

82,047.45

75

1288.52

49.69

105,360.38

1256.31

49.69

83,171.04

10

1487.85

49.65

106,307.61

1450.66

49.65

84,118.26
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Table (2). Results for model with replacement of nonconforming items.
EOQ (considering inspection
errors)

EOQ (not considering inspection
errors)

0.5

1224.90

49.69

56,716.71

1224.90

49.69

37,497.96

1

1224.90

49.69

81,716.71

1224.90

49.69

62,497.96

1.5

1224.90

49.69

106,716.71

1224.90

49.69

87,497.96

2

1224.90

49.69

131,716.71

1224.90

49.69

112,497.94

3

1224.90

49.69

104,216.71

1224.90

49.69

84,997.96

5

1224.90

49.69

106,716.71

1224.90

49.69

87,497.96

10

1224.90

49.69

112,966.71

1224.90

49.69

93,747.96

15

1224.90

49.69

119,216.71

1224.90

49.69

99,997.96

10

1224.90

49.69

106,091.71

-

-

-

20

1224.90

49.69

106,404.21

-

-

-

30

1224.90

49.69

106,716.71

-

-

-

40

1224.90

49.69

107,029.21

-

-

-

5

1224.90

49.69

94,529.21

-

-

-

10

1224.90

49.69

100,622.96

-

-

-

15

1224.90

49.69

106,716.71

-

-

-

20

1224.90

49.69

112,810.46

-

-

-

1

2738.68

49.86

103,232.29

2738.68

49.86

84,013.54

3

1581.26

49.76

105,286.81

1581.26

49.76

86,068.06

5

1224.90

49.69

106,716.71

1224.90

49.69

87,497.96

8

968.44

49.61

108,413.17

968.44

49.61

89,194.41

5

1225.36

48.77

106,714.41

1225.36

48.77

87,495.66

10

1225.05

49.39

106,715.94

1225.05

49.39

87,497.19

20

1224.90

49.69

106,716.71

1224.90

49.69

87,497.96

30

1224.85

49.80

106,716.96

1224.85

49.80

87,498.21

25

707.20

49.82

104,128.84

707.20

49.82

84,910.09

50

1000.13

49.75

105,593.12

1000.13

49.75

86,374.37

75

1224.90

49.69

106,716.71

1224.90

49.69

87,497.96

10

1414.39

49.65

107,663.93

1414.39

49.65

88,445.18
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Fig. (1). Expected annual cost versus order
quantity for the model without replacement
of nonconforming items.

Fig. (2). Expected annual cost versus order
quantity for the model with replacement of
nonconforming items.
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قسم اهلندسة امليكانيكية كلية اهلندسة جامعة اجملمعة اجملمعة  55911اململكة العربية السعودية
email: m.alsalamah@mu.edu.sa

(قدم للنشر يف 1155/51/15م قبل للنشر يف 1151/4/7م)

 .يف هذه الورقة ،يتم تطوير النماذج االقتصادية لكمية الطلب مع الطلب العشوائي للبنود ذات
اجلودة غري الكاملة وذلك حلالتني؛ مع وبدون استبدال البنود غري املطابقة ،أخذاً يف االعتبار نسبة  ٪511سياسة
التفتيش مع افرتاض أن تنفيذ عملية تفتيش يتم بصورة غري كاملة .يعترب األمر مت وضعه من مورد عند وصول
مستوى املخزون إىل نقطة إعادة الطلب .عند تلقي األمر ،سوف يقوم مفتش بتفتيش كل املخزون مع األخذ يف
االعتبار أن املفتش أثناء عملية التفتيش ميكن أن يرتكب أخطاء من النوع  Iأو النوع  .IIإن احتمالية حدوث أخطاء
"خطأ التصنيف" معروفة .إن اجلزء غري املتوافق يفرتض أن يكون متغري عشوائي متتبع لتوزيع معروف.
اهلدف من هذا البحث هو حتديد كمية األمر األمثل للطلب ونقطة إعادة الطلب حبيث يكون التكلفة
اإلمجالية أقل ما ميكن ،مع اقرتاح احلل األمثل هلذا التحديد .يقدم البحث األمثلة العددية مع تقديم حتليل احلساسية
للمعامالت اهلامة للنموذج املقرتح .مع تقديم التطوير املستقبلي احملتمل للنموذج يف القسم اخلاص باالستنتاج.
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ABSTRACT. This paper identifies the main types of solutions of Boolean equations as subsumptive
general solutions, parametric general solutions and particular solutions. The paper offers a tutorial
exposition, review, and comparison of the three types of solutions by way of two illustrative examples
solved by both map and algebraic techniques. Map techniques are demonstrated to be at least competitive
with (and occasionally superior to) algebraic techniques, since they have a better control on the
minimality of the pertinent function representations, and hence are more capable of producing more
compact general parametric and subsumptive solutions.

Key words: Solution of Boolean equations, Subsumptive general solutions, Parametric general solutions,
Particular solutions, Map techniques, Algebraic techniques.
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1. Introduction
The topic of Boolean equations has been a hot topic of research for almost two
centuries and its current importance can be hardly overestimated. Boolean-equation
solving permeates many diverse areas of modern science such as biology, grammars,
chemistry, law, medicine, spectrography, and graph theory [1]. It is also an
indispensable tool in operations research [2], the cryptanalysis and breaking of
ciphers [3], Boolean satisfiability (SAT) problem solving [4], the synthesis,
simulation and testing of digital networks and VLSI systems [5, 6], output encoding
and state assignments of finite state machines [7], and automatic test-pattern
generation [8].
There is a huge number of methods for solving Boolean equations, covering
the general case of big Boolean equations, or the special case of bivalent, switching
or truth equations (See, e.g., [1-3, 5, 9-26]). Most prominent among these methods
are the two important classes of algebraic methods and tabular or map methods. The
main types of solutions of Boolean equations can be identified as subsumptive
general solutions, parametric general solutions and particular solutions. In a
subsumptive general solution, each of the variables is expressed as an interval based
on successive conjunctive or disjunctive eliminants of the original function. In a
parametric general solution, each of the variables is expressed via arbitrary
parameters, i.e., via freely chosen elements of the underlying Boolean algebra. A
particular solution is an assignment from the underlying Boolean algebra to every
pertinent variable that makes the Boolean equation an identity.
This paper is a tutorial exposition, review, and comparison of the use of algebraic
methods and map methods in obtaining the main types of solutions of Boolean
equations. We will consider two algebraic methods, both due to Rudeanu [9, 22], and a
map method that does not rely on the use of the classical Karnaugh map (CKM) but on
the use of the variable-entered map [20, 23, 25-30]. Though the variable-entered
Karnaugh map (VEKM) is typically classified among (and used herein as a
representative of) map methods, it is not really a purely-map method, but it is semialgebraic in nature. The VEKM is the natural map for representing finite big Boolean
functions that are not necessarily two-valued functions [26]. A Boolean function of n
variables has 2n VEKM representations (depending on the choice of map and entered
variables) ranging from a CKM (n map variables and 0 entered variables), and a purelyalgebraic expression (0 map variables and n entered variables). The VEKM methods
therefore include purely-algebraic methods as a special case. Hence, they can always
take full advantage of the results provided by the algebraic theory. Moreover, they have a
better control on the minimality of pertinent function representation.

A Comparison of Algebraic and Map...

149

The rest of the paper is organized as follows. Section 2 views the first
algebraic method of Rudeanu presented in his pioneering and seminal text [9], while
Section 3 discusses use of the VEKM in obtaining a subsumptive general solution of
Boolean equations. Section 4 studies the second algebraic method of Rudeanu
presented in his paper [22], while Section 5 assesses it in terms of the results of
Section 3. The second algebraic method of Rudeanu in [22] is shown to secure
minimality over a set of chosen coefficients and not over the more basic set of
pertinent variables and free generators. Therefore, this method is not always as
efficient as the VEKM method. Section 6 adds a discussion of using the VEKM in
obtaining a general parametric solution of Boolean equations. In Sections 3, 4, and
6, we offer a tutorial exposition of the subject by way of two illustrative examples
that produce compact general solutions and then expand them to particular solutions.
Section 7 concludes the paper.
2. First Algebraic Method of Rudeanu
In this section, we review the classical technique of constructing subsumptive
general solutions for a Boolean system of equations. More details can be found in [1,
20, 23], and a formal proof is available in [9]. To distinguish this technique from
that in [22], we call it the first algebraic method of Rudeanu, while the technique in
[22] is labeled as the second algebraic technique of Rudeanu.
An n-variable Boolean system on a Boolean algebra B is a set of k simultaneously
asserted equations. This system is equivalent to the single equation
f(X) = 0,

(1)

T

where X = [X1, X2,. . . , Xn] is a vector of n components Xi each belonging to
the Boolean carrier B. The subsumptive solution is obtained by constructing the
eliminants
fn(X1, X2, . . . , Xn), …, fi (X1, X2, . . . , Xi-1, Xi), …, f2 (X1, X2), f1 (X1), f0
by setting fn= f and using the recursion
fi(X1, X2, . . . , Xi-1) = (fi / i) ˄ (fi / Xi), i= n, n-1, …, 1.

(2)

Note that fi-1is the conjunctive eliminant of fi with respect to the singleton
{Xi} [1]. This means that fi-1 is a conjunction of the two ratios, subfunctions, or
restrictions
fi

= fi (X1, X2, . . . , Xi-1, 0),

(3)

fi/ Xi = fi (X1, X2, . . . , Xi-1, 1),

(4)

i
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obtained from fi by setting or restricting Xi in it to 0 and to 1, respectively.
For short, these two ratios will be denoted by fi (0) and fi (l), respectively.
The classical method for producing a subsumptive general solution is by
successive elimination of variables, a technique transforming the problem (1) of
solving a single equation of n variables to that of solving n equations of one variable
each. The solution requires a separate consistency condition.
f0 = 0,

(5a)

plus expressing each of the pertinent variables as an interval of functions
ofthe preceding variables, namely:
si(X1, X2, . . . , Xi-1) ≤ Xi ≤ ti(X1, X2, . . . , Xi-1), i= 1, 2, …, n.

(5b)

where the si and ti functions can be expressed as completely specified
Boolean functions, namely
si = fi(0)

(6a)

ti = i(1)

(6b)

The form of the general solution above allows all the particular solutions of
(1), and nothing else, to be generated as a tree. Since the method of this section is
superseded by the second algebraic method of Rudeanu [22], we will not discuss it
any further. The examples on this method available in [1] demonstrate that this
technique is not only tedious, but it also fails to produce compact solutions.
However, it was necessary to introduce this technique herein since it is the basis of
the improved techniques in Sections 3 and 4.

3. VEKM Subsumptive Solution
To leave room for further simplification, the si and ti functions in (5b) are expressed
as incompletely specified Boolean functions (ISBFs) in the interval form [1]
fi(0) i(1) ≤ si ≤ fi(0),
i(1)

≤ ti ≤ fi(0) i(1).

(7a)
(7b)

Now, these expressions can be adapted for VEKM manipulation by
converting them into the incompletely-specified or don't-care expressions [20, 23]
si = fi(0) i(1) d(fi(0)),

(7c)

ti = i(1) d(fi(0)).

(7d)
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The VEKM is well suited for a divide-and-conquer implementation of the
complementation, ANDing, ORing and minimization operations needed in (7c) and
(7d). The procedure is well illustrated by the following two examples.
Example 1:
Let the function f(X1, X2, X3):B43 →B4 which satisfies (1) be given by
f(x1, x2, x3

1

2

3

X1X2 3,

(8)

This function is represented by the VEKM of Fig. (1), which actually serves
as a natural map for Boolean functions over B4. The detailed VEKM subsumptive
solution is obtained via the VEKMs in Fig. (2). The final subsumptive solution is
given by the compact form:
1X2

≤

≤

2

1

0≤

1

3

≤ 1,

≤ 1,

≤ 1,

0 = 0.

(9)

X1

1

X3

0

0

0

X2
f(X1,, X2, X3)
Fig. (1). A VEKM representation of the Boolean function f3 = f(X1,X2,X3) of Example 1, as expressed
by equation (8).
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Fig. (2). Steps of the VEKM subsumptive solution for Example 1.
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Fig. (3). Expansion tree (reduced to an acyclic graph) for obtaining all particular solution of
Example 1 from the general subsumptive solution (9).
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A list of all particular solutions is neither compact nor insightful as a general
solution. Such a listing is produced via expansion trees from the general solutions.
Figure (3) shows the expansion tree used in producing all 21 particular solutions of
(1) for f= 0 from the general subsumptive solution (9). To save space, we combined
common nodes in the tree, thereby reducing it to an acyclic graph.
Example 2:
The function f(X1, X2, X3):B316 →B16given by
f(X1, X2, X3) = ab

1X3

3

X2X3

3

2 3

1 3,

(10)

is represented by the VEKM of Fig. (4), which actually serves as a natural map for
Boolean functions over B16. The detailed solution is obtained via the VEKM in
Fig.(5). The final subsumptive solution is:
b≤

3

≤ ,

0≤

2

≤ a b,

0≤

1

≤ 0,

ab = 0.

Fig. (4). A VEKM representation of the Boolean function f3 = f (X1, X2, X3) of Example 2.

(11)
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Fig. (5). Steps of the VEKM subsumptive solution for Example 2.
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Figure (6) illustrates the acyclic-graph production of all 8 particular solutions of
equation (11) for f = 0 from the general solution (11). Here, the consistency
condition (ab = 0) made the underlying Boolean algebra collapse from the
hypercube lattice of B16 in Fig. (7) to the cubic lattice of B8 in Fig. (8) [23, 26].

0≤

1

≤0
X1 = 0

0≤

2

X2= b

X2= a

X2= 0

b≤
X3 = b

≤ a∨ b)

3

≤
X3

Fig. (6). Expansion tree (reduced to an acyclic graph) for obtaining all the particular solutions of
Example 2 from the general subsumptive solution (11).

Fig. (7). A hypercube lattice indicating the partial ordering among the 16 elements of B 16.
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Fig. (8). The lattice in Fig. (7) when collapsed under the condition ab = 0.

4. Second Algebraic Method of Rudeanu
Rudeanu [22] proposed a second algebraic method for solving the Boolean equation
f(X) =0. The function f(X) = fn(X) of n variables is written as
∨

fn(X) =

̅ ∨

(12)

where the coefficients
,
,
are
functions of the (n-1) remaining variables (X/Xn) = (X1, X2, ..., Xn-1). The
subsumptive solution for
in terms of the other (n-1) variables is provided by the
double inequality
̅ ,

(13)

provided the following consistency condition is satisfied
fn-1(X/

∨

)=

(14)

Thus the solution of (12) is provided partially by (13) for
, and is reduced to the
solution of (14) for the remaining (n-1) variables. The iteration of the above
procedure leads to a successive elimination of variables and the production of a
subsumptive solution for each variable in terms of the earlier variables, in addition
to a final consistency condition that involves no variables but involves constants of
the underlying Boolean Algebra.
Example 1 (revisited):
We apply the iterative procedure (12)-(14) to the function in (8)(of Example 1) to obtain
f = f3(X1, X2, X3)
C3 =

1 2,

1 2

3 X1X2 3

A3 = 0, B3

= A3 X3 B3
1X2,

3

C3,

(15a)
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(

X1X2 ≤ X3 ≤ 1,

f2(X1, X2)= A3B3 C3
B2

1 2=

1,

(16a)

A2 X2 B2

C2,

2

(15b)

A2= C2 = 0,

1≤X2≤

1,

(16b)

f1(X1)=A2B2C2 = 0 = A1X1B1 1C1,

(15c)

A1 = B1= C1= 0,
0 ≤ X1≤ 1,(16c)
f0= A1B1 C1 = 0
0=0

(16d)

Equations (16a)-(16c) constitute the subsumptive solution, while equation
(16d) is the final consistency condition. These equations are exactly the ones in (9).
Here, the second algebraic method of Rudeanu produces the same solution as the
VEKM technique.
Example 2 (revisited):
We apply the iterative procedure (12)-(14) to the function in equation (10) (of
Example 2) to obtain
f3(X1, X2, X3

ab

1

b 2) X3

= A3X3 B3
A3 ab

1

b a

3

b 2,B3

b

1

2b 1

3ab

C3,

3

b

(17a)

2

b

2

b

b 1,C3 = ab,

a

2

ab b

1

1 2.

1

Hence, the solution for X3 is
B3 ≤
b

2

b

3

≤

1

≤

3,

3≤

ab b

1 2),

1

(18a)

with the consistency condition
f2(X1, X2) = A3 B3 C3
ab
ab

1
1

2

b

1X2

b

1

b

2

b b 1) X2 ab

1

b

1

1

b

1

1

b

2

b b 1) X2
= A2X2 B2

A2
2

a

1
1

b 1) ab
b 1X2 ab

b
2

1

1

1

1

ab

ab

C3,

b b 1, B2 = 0, C2

a b b

b

ab a b

(17b)
b
a

1ab,
1

b

1

ab.
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Hence, the solution for X2 is
B2 ≤
0≤

2

≤

2

≤ a

b

1

2,

1

ab,(18b)

with the consistency condition
f1(X1) = A2 B2 C2
A1

b

1

b,

1
1

ab = A1X1 B1

1

C1,(17c)

= 0, C1 = ab,

= ab,

Hence, the solution for X1 is
B1 ≤

1

≤

1,

0 ≤

1

≤ ab,

(18c)

with the consistency condition
f0 = A1 B1 C1 = ab = 0,

(18d)

Relations (18a)-(18d ) can be combined to give the subsumptive solution:
b

2

b

0≤

≤

1
2

≤ ab b

3

≤ a

0 ≤

1

b

1

1

1 2)

ab)

≤ ab

1

ab = 0.

(19)

As an afterthought, the solution (19) can be refined by applying the condition (ab =
0) to the preceding double inequalities. A result of this step is that (0 ≤ X 1 ≤ 0),
which means that (X1 = 0); a condition that can be applied to the inequalities of X3
and X2 to obtain:
b 2 ≤ 3 ≤ b 2)
0≤

2

0≤

≤ a b
1

≤0

ab = 0

(20)

But still even after this simplification, the solution (20) is still less compact than its
equivalent one in (11). The particular – solution tree generated by it (see Fig. 9) is
more involved and tedious to produce than the corresponding one in Fig.(6).

Ali Muhammad Ali Rushdi

160

0 ≤ X1 ≤ 0

X1 = 0

0 ≤ X2 ≤ (a ∨ b)

X2 = 0

b≤ 3≤ ∨b

X3 = b

X2 = a

X2 =
(a∨b)

b∨ b≤ 3≤b∨ b

b≤ 3≤ ∨b

3

X2 = b

3

X3 = b

X3 = b

b ∨ a∨b ≤ 3 ≤ b ∨

3

X3 = b

b

3

Fig. (9). Expansion tree for obtaining all the particular solutions of Example 2 from the general
subsumptive solution (20).

5. An Interpretation of Rudeanu Second Method
Rudeanu Second Method produces a sequence of equationsfi = 0, (i = n down to i =
0), wherethe function fi= fi(X1, X2, ..., Xi-1, Xi) is
fi = Ai Xi Bi

i

Ci = ( Ai Ci ) Xi ( Bi Ci

i,

(21)

The function fi can be represented by the VEKM in Fig. (10) in which the
subfunctionsfi(1i) and fi(0i) are:
fi(1i) = fi(X1, X2, ..., Xi-1, 1) = Ai Ci,

(22)

fi(0i) = fi(X1, X2, ..., Xi-1, 0) = Bi Ci,

(23)
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xi

fi (0i) = Bi Ci

fi (1i) = Ai Ci

Fig. (10). A VEKM representation of the function fi = fi (X1, X2, ..., Xi).

Now employing the incompletely-specified definitions (7c) and (7d) for si and ti, we
obtain
si

i i

ti

Bi d( Bi Ci )

(24)

d( Bi Ci )

(25)

i i

Figure (11) displays conventional Karnaugh maps for si and ti as functions of the
coefficients Ai, Bi, and Ci. It indicates that we can simplify the expressions of si and
ti to
si = Bi,

(26)

ti

(27)

i,

Fig. (11). Conventional Karnaugh maps of si and ti as functions of Ai, Bi and Ci.

and hence, we can replace (5b) by:
Bi ≤

i

≤

i,

i = n, (n-1), ..., 2, 1

(28)
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In agreement with formula (13) of Rudeanu Second Method. We note that the
freedom allowed by the conditions in (7) is not fully utilized in Rudeanu Second
Method in general. In fact, this method strives to achieve local minimality over all
possible choices of the coefficients Ai, Bi and Ci. This kind of minimality is suboptimal compared with global minimality over the underlying set of variables X1, X2,
..., Xi and algebra generators a and b, that is suggested by (7) and fully employed in
our subsumptive VEKM solution (Section3). Though the Rudeanu Second Method is
suboptimal, it achieved the minimal solution for the example in [1, 20] and for
Example 1 herein. However, it failed to obtain minimality for our Example 2.
6. Parametric General Solutions
Brown [1] proved that n parameters are sufficient to construct a parametric general
solution of an n-variable Boolean equation g(X) =1, where g: BnB. He proposed a
procedure for constructing such a solution using the fewest possible parameters, p1,
p2, …, pk, which are elements of B, where
k  n. In [25, 26], we adapted this
procedure of Brown into a VEKM procedure as follows:
(a) Construct a VEKM representing g(X). Such a construction is achieved
via a Boole-Shannon tree expansion [1]. If the original Boolean equation is in the
dual form f(X) = 0, then construct a VEKM for f(X), and complement it cell-wise
[27] to obtain a VEKM for f ( X )  g ( X ).
(b) Expand the entries of the VEKM of g(X) as ORing of appropriate atoms
of the Boolean carrier B, or equivalently as a minterm expansion of the free Boolean
algebra of B.
(c) If certain atoms of B do not appear at all in any cell of the VEKM for
g(X), then these atoms must be forbidden or nullified. Such nullification constitutes
a consistency condition for the given Boolean equation.
(d) Construct a VEKM for an associated function G(X1, X2, …,Xn; p1, p2, …,
pk). This VEKM is deduced from that of g(X1, X2, …, Xn) through the following
modifications:
(d1) Each appearance of an entered atom in the VEKM of g is ANDed with a
certain element of a set of orthonormal tags of minimal size. An
orthonormal set consists of a set of terms Ti, i = 1, 2, …, k, which are
both exhaustive (T1 T2 …Tk = 1) and mutually exclusive (T iTj = 0
for 1 i< j ≤ k ).
(d2) Each nullified atom is entered as a don’t care in all the VEKM cells.
(e) The parametric solution is
Xi = The sum (ORing) of the 2n-1 cells constituting half of the VEKM in which Xi is
asserted
( Xi = 1), i = 1, 2, …, n.
(29)
(f) (f) Apply a VEKM minimization procedure [28-31] to recast (29) in a
minimal form.
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Example 1(revisited):
We apply the aforementioned technique to the function g in Fig. (12). Which is the
complement of f given by Eq. (8) or Figure (1).Steps of the solution are illustrated
by Figs. (13 and 14), where the set of orthonormal tags (p1 2p3, p1 2 3, p1p2p3,
p1p2 3, 1p2p3, 1p2 3, 1 2) is used for atom a and the set of orthonormal tags (p2 3,
2, p2p3) is used for atom . The final parametric solution is simplified via the
VEKMs in Fig. (15) and are given by
X1

1p3

1 2

X2

ap1p2

1 2

1 3

X3

1

3

2 3

3,

2
2

3,

p2p3 ,

(30)

Together with the consistency condition
0=0

(31)

X1

X3

a

a

0

a

a

1

1

1

X2
g=
Fig. (12). A natural map representation of the Boolean function g, the complement of the function f
in Fig.(1).
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X1

a

X3

a

a

0

a

a

a

a

X2
g (X1, X2, X3,)
Fig. (13). Entries of the map for the function g in Fig.(12) expanded in terms of atoms of B4 or
minterms of FB(a).

X1

a p1

X3

2

p3

a p1 p2 p3

a p1

a

2

3

1 p2

3

2

0

a

3

a p1 p2

1

2
2

a

1 p2
2

3

p3

p3

X2
G (X1, X2, X3; p1,p2, p3)
Fig. (14). Each appearance of an entered atom in Fig.(13) is ANDed with a certain element of a set
of orthonormal tags.
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p1

a

1

p3

1

1

p2
X1

1 2

1p3

ap1p2

3

2

3

p1

1

1

p3

1

1

p2
X2

1 2

1 3 2 3

2

3.

p1
1

1
1

p3

1

1

p2
X3

1 p2p3

Fig. (15). VEKM expression of the parametric solution.
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Fig. (16). Tree used to deduce all 21 particular solution of (9) from the parametric solutionn (30).

Figure (16) shows the tree used to deduce all 21 particular solutions from the
parametric solutions (30). These are the same solutions as those in Fig.(3). It can be
seen from Figure (14) that the particular solution corresponding to tagging atom a
with tag p1 2p3 and tagging atom with tag p2 3 is X1 = 0, X2 = X3
. This solution
must satisfy
p1 2p3 a = a,

(32a)
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,

3

(32b)

or equivalently
a ≤ p1 2p3
≤ p2

(33a)
(33b)

3

Figure (16) demonstrates that this solution is the parametric values indeed obtained
for the parameters {a ≤ p1≤ 1, p2 , 3 = a}, which satisfy (32) and (33).
Example 2 (revisited):
We apply the VEKM procedure to the function g in Fig. (17) which is the
complement of f given by Eq. (10) or Figure (4). The main step of the solution is
illustrated by Fig. (18), where an orthonormal set { , } is used to tag appearances
of each of the three asserted atoms b, b, and ab.The parametric solution is given by
X3 b

,

X2 b

a ,

X1 = 0,

(34)

ab = 0.

(35)

together with the consistency condition

X3

X1

b

ab

b

0

0

0

0

X2
g=
Fig. (17). A natural map representation of the Boolean function g, the complement of the function f
in Fig.(3).
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X3

b ab

X1

ab

d(ab)

ab

ab

b

d(ab)

ab

d(ab)

b

b

ab

d(ab)

X2
G (X1, X2, X3; p1,p2, p3)
Fig. (18). Each appearance of an entered atom in Fig.(17) is ANDed with a certain element of the set
of orthonormal tags
while the atom ab that appears nowhere in Fig. (17) is
entered don't care.

Figure (19) shows the tree used to deduce all 8 particular solutions of g = 1 from the
parametric solutions (34) subject to (35). These are the same solutions as those in
Fig.(6). It is clear from Fig. (18) that the particular solution corresponding to tagging
atom b with , atom ab with p, and atom b with is X1= 0, X2= a b, X3=b. This
solution must satisfy
b

b,

(36a)

ab ab,

(36b)

b

b,

(36c)

or, equivalently
b ≤ ,

(37a)

ab ≤ p,

(37b)

b ≤ ,

(37c)

Figure (19) demonstrates that this solution is indeed obtained for the parametric
value p = a which satisfies (36) or (37) together with (35).
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Fig. (19). Tree used to deduce all particular solutions from the general parametric solutions (34)
subject to (35). The eight values assigned to p are from the collapsed lattice in Fig.(8). (X1
= 0, ab = 0).

7. Conclusions
In this paper, we presented a tutorial exposition and comparison of the main types of
Boolean-equation solutions, namely, subsumptive general solutions, parametric
general solutions, and particular solutions. We also made a detailed comparison of
the two prominent classes of methods used in the solution of Boolean equations, viz.
, the class of purely-algebraic methods and the class of tabular or map methods.
Though map methods can be generally categorized as tabular methods, they have
their own distinguishing characteristics to warrant classifying them as a separate
class of methods.
We used techniques employing the Variable-Entered Karnaugh Map
(VEKM) as representatives of map methods, since the VEKM is the natural map for
the underlying finite Boolean algebras. We pointed out that these techniques are
semi-algebraic in nature and include purely-algebraic techniques as special limiting
cases. Hence, we anticipated that VEKM techniques should never be inferior to
algebraic techniques. Later, we demonstrated that VEKM techniques are
occasionally superior to algebraic techniques since the former techniques naturally
and easily secure minimality over the basic set of pertinent variables and generators,
while the latter techniques seek a restricted sort of minimality over a set of chosen
coefficients. We supported our argument by an illustrative example in which a
VEKM technique was easier to implement and produced a more compact solution
(minimal solution) that was much easier to expand as a tree of particular solutions.
This example was over B16 = FB(a, b) which collapsed to B8. Another supporting
example that is given in [32] is over B65536 = FB(a, b, c, d) that collapsed to B32.
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In conclusion, we note that algebraic methods are useful in the initial study of
the subject to maintain the rigor and set the theoretical framework. Map methods
(VEKM methods, in particular) complement algebraic methods, as they provide
pictorial insights, require easier shortcut manipulations, and produce much more
compact general solutions.
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ميكن تصنيف طرائق حل املعادالت البوالنية على اإلمجال بأنها طرائق جربية أو جدولية أو
عددية أو خريطية .إال أن األبرز بني أصناف الطرائق هذه هو صنفا الطرائق اجلربية واخلريطية .إن ورقة البحث هذه
تستعرض هذين الصنفني األبرز من تلك الطرائق و تقارنهما من ناحية درجة البساطة أو التعقيد ودرجة السرعة أو
الكفاية ومدى القابلية لالستخدام .حتدد الورقة األنواع الرئيسة حللول املعادالت البوالنية بأنها (أ) احللول العامة
االحتوائية ،و(ب) احللول العامة املعلمية ،و(ج) احللول اخلاصة .يف احلل العام االحتوائي يتم حصر كل من
املتغريات يف فرتة من القيم اعتمادا على توليد تتابع من احلاذفات العطفية أو االحتادية للدالة األصلية .أما يف احلل
العام املعلمي فيتم التعبري عن كل املتغريات بداللة معامل اختيارية وهي قيم يتم اختيارها من عناصر اجلرب البوالني
احلاكم للمسألة ،بينما ميثل احلل اخلاص تعيينا لكل متغري بقيمة حمددة تؤخذ من عناصر اجلرب البوالني احلاكم
حبيث تؤدي هذه التعيينات يف جمموعها إىل حتويل املعادلة البوالنية إىل متطابقة .توفر الورقة شرحا تعليميا لصنفي
طرائق احلل األساسيني ولكل نوع من أنواع احللول املذكورة بداللة مثالني توضيحيني صغريين .يظهر جليا أن
الطرائق اخلريطية تنافس الطرائق اجلربية (وتتفوق عليها أحيانا) ألنها تتمتع بسيطرة أفضل على التصغري األعظمي
لتمثيل الدوال املعنية ،ومن ثم فإنها أقدر على إنتاج حلول عامة معلمية واحتوائية أصغر وأبسط.
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Abstract. X-ray line profile analysis was applied to obtain structural parameters crystal lattice, grain size,
micro-strain, dislocation density, dislocation arrangement, and the distance between two dislocations) of
In3Te4 crystals. The samples were prepared by a special modification of vertical Bridgman -Stockbarger
technique. This method was examined for the first time. The Bragg peak line shapes of In 3Te4 crystals
were analyzed using Scherrer equation, Williamson – Hall plot, and Warren - Averbach method. The
effect of dislocation density on carrier mobility and carrier concentration was cheked. We concluded that
the grown crystal is tetragonal In3Te4 crystal. The lattice parameters of the tetragonal In3Te4 have been
calculated from 013), 020), 113), 015), 220), 222), 132), 332), 242), and 244) reflection planes. The
density of dislocations, the average distance between the adjacent dislocation, the dislocation arrangement
parameter, Hall mobility and carrier density have the values: 1.6 x 10 -14 m-2, 8.27 nm, 0.177,339 Cm2 /V.
Sec, 1.35 x 1014 Cm-3 respectively.
Keywords: In3Te4, Crystal growth, Semiconductors, Lattice parameters, Dislocation density, Crystallite
size, Micro strain, Hall Mobility.
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1. Introduction
From the diagram based on thermal – analysis data due to W. Klemm et al. [1] it was
stated that besides the phases In2Te, InTe and In2Te3, there is a higher telluride, which
was not identified. It is evident from the In – Te phase diagram, which is redrawn from
Shunk [2] that it contains In3Te4, InTe, In2Te3, In3Te5, In2Te5 and In9Te7 phases. There
was a dispute about the structure of In3Te4 where some authors showed that it is a
rhombohedral structure with a = 4.26 Ao and c = 40.6 Ao [3] but others [4] said that
In3Te4 is a tetragonal structure with a = 6.173 Ao and c = 12.438 Ao.
The diffraction data of In3Te4 in the form of thin films was studied earlier [5].
There are two major approaches for measuring the microstructure properties in
crystalline materials. They are direct imaging using transmission electrons microscopy TEM) and indirect measurement using X-ray diffraction pattern XRD).
The study of line – broadening of X-ray Bragg reflections of deformed crystals has
recently been developed in theory [6, 7] and in experiment [8–10] to a considerable
extent and has been shown to be suitable to obtain dislocation densities that correlate
well with TEM data. The technique is less direct than TEM but has the advantage
that it can be applied to macroscopic volumes of bulk material. It is complementary
to TEM in so far as it provides reliable information especially for high dislocation
densities that are not easily investigated by TEM.
The present study was undertaken in order to grow In3Te4 single crystals,
investigate the grain size and microstructure properties of it by using the X-ray
diffraction technique, and study the relation between microstructure and the
electronic properties of In3Te4 crystal.
2. Experimental
2-1. Crystal Growth
It is known that in the Bridgman technique the melt is contained in crucible and
progressively frozen to yield at a single crystal if the rate of the movement is very
low. However, the main problem in such technique is the absence of the smooth and
accurate graduation of temperature, which is the main reason for coherent and
incoherent precipitates. The present design is a modification of the traveling solvent
method TSM) technique, which is considered in the current work. The apparatus
used for TSM) growth in this experiment is shown in Fig. (1). The main advantage
of this technique is that the temperature gradient is granted by this simple design
more details about this technique see ref. [11].
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Fig. (1). Design of the new modification for crystal growth.

2-2. X–Ray Diffraction Technique
The X–ray diffractograms were measured stepwise with angle / second value
of 0.02o at ambient temperature with a model D 5000 Siemens diffractometer
Germany). The instrument is equipped with a copper anode generating Ni filtered
CuKα radiation λ = 1.5406 Ao, 40 kV, 30 mA, backmonochromator). The equipment
was used in a θ - 2θ geometry in the range between 10 and 80o with a divergence slit
of 1o. An on – line data acquisition and handling system facilitated an automatic
JCPDS library search and match Diffract AT software, Siemens) for phase
identification purpose. In the present, work we will show how we can utilize of Xray pattern for determination of many important parameters.
3. Results and Discussion
3-1. Determination of Crystal Lattice
Fig. (2) shows the powder diffractogram of the In3Te4 sample. In this figure, we can
see strong Bragg peaks of X-ray diffraction pattern which indicate that the sample is
crystalline. From the position of the strong peaks d-space has been calculated
according to Bragg law: n λ = 2 d sin θ.
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The calculated values of d - spaces for different reflection planes are listed in
table (1).
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Fig.(2). The powder diffractogram of the In3Te4 single phase crystal.

From table (1) we concluded that the main phase of the crystal is the
tetragonal In3Te4. This was done where the d – spaces of the investigated sample
correspond to the d – spaces that listed in the ASTM card for the tetragonal In3Te4.
The lattice parameter of the tetragonal In3Te4 has been calculated from 013), 020),
113), 015), 220), 222), 132), 332), 242), and 244) reflections according to the
following equation [12]:
1/d2 hkl = h2 + k2) /a2 +l2 /c2)
In this way values of the lattice parameters a and c of the tetragonal In3Te4 of
the different reflection planes were calculated .
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Table (1). Comparison between d – space value of grown sample and d – space of the tetragonal
In3Te4.
d- space of tetragonal In3Te4

hkl

d-space of the grown sample
as calculated)

as reported in the ASTM card )

013

3.464

3.47

020

3.122

3.11

113

2.99

3.02

015

2.317

2.305

220

2.158

2.16

222

2.046

2.06

132

1.87

1.858

332

1.416

1.414

242

1.354

1.353

244

1.245

1.25

In order to obtain the lattice parameters a and c of the tetragonal In3Te4
substantially free from experimental error, one should plot the apparent values of a
and c respectively against the corresponding values of the famous extrapolation
2
2
function Fθ) which is: F ( )  cos   cos  [13]. Fig. (3) shows the relation
sin 

between the lattice parameter a and Fθ). The interception of the extrapolation of
straight line with y - axis gives the value of the lattice parameter a. The results
indicate that the mean values of lattice parameter a = 6.184 Ao. Fig. (4) shows the
relation between the lattice parameter c and Fθ). From the figure we could estimate
the value of the lattice parameter c as 12.43 Ao. It must be mentioned that the
investigated values of the lattice parameters a and c of our crystal are in a good
accordance with the lattice parameter of the tetragonal In3Te4, which are published
previously [4] where a = 6.173 Ao and c =12.438 Ao.
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Fig. (3). The relation between the lattice parameter a and the extrapolation function Fθ)

Fig. (4). The relation between the lattice parameter c . and the extrapolation function F

3-2. Determination of Crystallite Size
From the Scherrer equation [14] we can obtain that the crystallite size Dvol)
for the tetragonal In3Te4 crystal .It is 95.8 nm.
Also the Williamson-Hall equation can be given as [15]:
Γ cos θ = 0.9 λ/ Dvol + 4 ε sin θ
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Where Γ is the full width at half-maximum of x–ray peak at diffraction angel
θ , and ε is the micro-strain. Fig. (5) shows the Williamson-Hall plot of the
tetragonal In3Te4. From the figure we can concluded that:


Dvol = 93.75 nm.

 The increase of Γ cos θ / λ) with sin θ / λ) indicates the presence of
lattice distortions, however, the deviation from the linear correlation corresponds to
the anisotropy.
From the results of crystallite size measurements of specimen we can note
that an average crystallite size measured by Scherrer equation is larger than that
obtained from Williamson-Hall plot. Thus, apparently, the Scherrer method
overestimates the grain size likely due to the fact that it does not separate broadening
due to strain in the lattice from that due to refined grain structure [16].

Fig. (5). Williamson–Hall plot of the tetragonal In3Te4.

3-3. Determination of Dislocations Parameters
Strain anisotropy is well known in X–ray line-broadening [17]. Several models have
been suggested for it. A dislocation model has been suggested recently [18] that based
on the anisotropic contrast of dislocations in diffraction [19]. In strained
semiconductor structure dislocations produce peak shift and peak broadening [20].
The Warren – Averbach [21] is a Fourier method used to consider the separation of
size and strain effects. The critical step is the Fourier transformation, which is very
sensitive to statistical fluctuations in the data, to truncation effects, and to background
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level. Therefore – for the original Warren – Averbach method – extremely good
counting statistics and a wide angular measuring range are necessary.
The real part of the Fourier coefficients AL can be given as the product of a
purely size – broadening term S) and a purely distortion – broadening term D):
AL = ALS . ALD

or

lnAL = lnALS + lnALD

The distortion line broadening coefficients can be written as [22]:
lnALD = - ρ π b2 / 2) L2 lnRe / L) k2
where L is the distance between two cells in a real space, and k is the
diffraction vector. The basic equation of the Warren and Averbach analysis is
obtained as [23]:
lnAL = lnALS - ρ π b2 / 2) L2 lnRe / L) k2
where ρ and Re are the dislocation denisity and the outer cut – off radius
respectively.
The logarithms of the real part of the Fourier coefficients of different
reflections for the tetragonal In3Te4 crystal are plotted in Fig. (6) vs. k 2. From the
figure we can note that the value of lnAL decreases with k 2 on a global scale,
indicating the presence of lattice distortions. Nevertheless, this behavior reflects the
strong strain anisotropies.
Denoting the slope of the curve with S L) we can get the equation:
S L) / L2 = ρ π b2 / 2) ln Re) - ρ π b2 / 2) ln L)
Fig. (7) shows the relation between S L) / L2 and ln L), so we can get the
dislocation density and the effective outer cut-off radius of dislocations Re). The
average distance between the adjacent dislocations LC and the dislocation
arrangement parameter M are also calculated see table (2).
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Fig. (6). The real part of the Fourier coefficients of the tetragonal In 3Te4 vs. k 2.

Fig. (7). The relation between (S L / L2 and ln L).
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Table (2). Dislocation parameters for the tetragonal In3Te4.
ρ m-2)

LC nm)

1.6 x 10-14

7.9

Re nm)

M

14.05

0.177

Method
Warren–Averbach

3.4 Determination of carrier mobility and carrier concentration
The present work has been dealt with investigation of the effect of
temperature on the Hall mobility. The Hall mobility values were calculated
according to the formula µ= Rh σ . Both the Hall coefficient Rh ) and the electrical
conductivityσ) data have already been published [24]. From Fig. (8) illustrate this
dependence for In3Te4 sample. From the graph we have that:
μ = 339 cm2 / V. Sec.
The general behavior of μ against T can be divided into three regions: 1- T < 338 K the low temperature part) which corresponds to the extrinsic
conduction.
2- The middle region 338 K ˂T ˂ 402 K) which represent the transition region.
3- The high temperatures part T > 402 K) which is the intrinsic conduction part.

Fig. (8). Behavior of carrier concentration as a function of temperature for the tetra In3Te4.
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The mobility in the low temperatures is governed by the law μ α T n. In our
case the exponent n is abnormal because it is not positive as one expect, and it has
the value -4.8), so we can write the law that governed mobility as:
μ α T -4.8.
In the high temperature side where the temperature coefficient is negative, the
relation between mobility and temperature can be written as μ α T -m. In the present work
the value of m is 12 which is high if compared to other semiconductors [25,26] .
Variation of the carrier density versus reciprocal temperature is shown in Fig.
(9). At low temperatures below 338 K), the number of ionized donors determines the
carrier concentration. At high temperatures the crystal is exhibiting an intrinsic
behavior. The expected value for the intrinsic concentration could be given by the
relation: N i  2(2k / h 2 ) 3 / 2 (mn* m*p ) 3 / 4 T 3 / 2 exp ( E g / 2kT )
*
m*
where mn , p are the effective masses of both electron and hole respectively.
Utilization of this formula leads to calculation of the energy gap width of In 3Te4. It
was computed as 1.71 eV. Finally the charge carriers concentration at room
temperature, equals to 1.35 x1014 cm-3 in In3Te4 crystal.

Fig. (9). Behavior of Hall mobility as a function of temperature for the tetragonal In 3Te4.

If we compare the values of carrier mobility and carrier concentration of
In3Te4 crystal with the values of other semiconductors [24, 25, 26], we'll see that the
values estimated for the In3Te4 crystal are lower than the published values for other
semiconductors.
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If we look to the value of dislocation density of In3Te4 crystal we'll find that it
is very high if it compared with the semiconductors values [27, 28]. In our opinion the
drop of the mobility and carrier concentration returns to the high value of dislocation
density in In3Te4 crystal. Dislocations are usually regarded as a capture centers to the
carriers, so the mobility and carrier concentration are lower than other semiconductors.
4. Conclusion
Single crystal of In3Te4 has been prepared by the modified vertical Bridgman
Stockbarger technique. The grain size, micro strain, character of dislocations,
mobility and carrier concentration of the tetragonal In 3Te4 single crystal was
determined. It has been found that:
1

The values of d – space of our sample show that it has a tetragonal structure.

2 The values of lattice parameters of the tetragonal In3Te4 are in very
satisfactory agreement with results obtained on similar crystals by other authors [4].
3 The evaluation method of X-ray line profile analysis applied in this work
is capable of providing important microstructure parameters of the tetragonal In 3Te4
like crystallite size, micro strain, dislocation density and the average distance
between adjacent dislocations).
4 The arrangement parameter M characterizing the effectiveness of the
screening of neighboring dislocations was obtained from the X-ray line profile. The
value of M gives the strength of the dipole character of dislocations. If M is small or
large the dipole character and the screening of the displacements field of
dislocations is strong or weak, respectively. At the same time, strong or weak
screening and small or large values of M mean strong or weak correlation in the
dislocation distributions, respectively.
5 Carrier mobility and carrier concentration was lower than other
semiconductors due to high value of dislocation density.
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 1أستاذ الفيزياء كلية اهلندسة جامعة القصيم اململكة العربية السعودية
 2قسم الفيزياء جامعة جنوب الوادي مجهورية مصر العربية
قدم للنشر يف 2111/4/3م قبل للنشر يف 2112/12/11م)

حتتل طائفة أشاه املوصالت مكاناً متميزاً يف علوم املواد و اليكرتونيات أشباه املوصالت
علي حدٍ سواء .وألن البحث اجلاري يُعين مبركب شبه موصل جديد ) )In3Te4فإنه يلزم دراسة خواصه قبل
تقدميه حليز التطبيق .بيد أن هذه اخلواص تعتمد بدورها علي اخلصائص الرتكيبية واإلليكرتونية  .وعلي ذلك
فقد سار البحث وفقاً للخطوات التالية:
 أمكن حتضري املركب يف صورته البلورية باستخدام تقنية جديدة تعترب تطويراً لطريقة برجيمان
. Bridgman technique
 استخدمت طريقة حيود األشعة السينية  X-ray diffractionلدراسة الرتكيب البللوري الدقيق
للمركب قيد الدراسة.
 مت تفسري نتائج احليود لألشعة السينية علي ضوء قوانني براج  – Braggشرير  – Scherrerوليام
سون هول  –Williamson – Hallوارن آفرباخ  Warren - Averbachاملعروفة.
 توصلنا من خالل ما سبق إلي تقييم املركب  ،ثوابته البلورية  ،lattice parametersتركيبه ،
نظام شبكيته  ،حجم حبيباته  ، grain sizeنوع العيوب  defectsوتوزيعها وكذلك كثافة اإلخنالعات
 dislocation densityومتوسط املسافة بينها .average distance
 مت ربط النتائج الرتكيبية باخلصائص اإلليكرتونية للمركب مثل  :ظاهرة هول وتركيز حوامل
التيار يف وحدة احلجوم  carrier concentrationوقابلية التحرك هلا carrier mobility
 نوقشت النتائج السابقة تفصيالً على النحو الوارد يف منت البحث.
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أ.د/.حممدعبدالسميععبداحلليم
أ.د /.ساعدبنمنصور
د/.أبو بكرحامدشريف
د/.ساملنصري 
د/.شريفحممدعبدالفتاحاخلولي
د.مجيلسيدعبدالعظيم

هيئة التحرير


رئيسالتحرير 



سكرتريالتحرير

أعضاء اهليئة االستشارية للمجلة

اهلندسة املدنية
أ.د/.حممودأبوزيد–وزيراملوارداملائيةوالرياملصريسابقاًورئيساجمللسالعلميللمياهوأستاذاملوارداملائيةباملركزالقوميلبحوو امليواه–
.1
مصر .
أ.د/.عصامشرف–أستاذهندسةالنقلبكليةاهلندسة–جامعةالقاهرة–مصر.
.2
أ.د/.عبداهللاملييدب–وكيلجامعةامللكسعودلشئونالبحثالعلميوأستاذاهلندسةاجليوتكنيكيةبكليةاهلندسة–جامعةامللوكسوعود–
.3
اململكةالعربيةالسعودية.
أ.د/.كيفنالنذى–أستاذاهليدروليكاواملوارداملائية–قسماهلندسةاملدنية–كليةاهلندسة–جامعةأريزونا -الواليا املتحدة .
.4
 أ.د/.فتحاهللالنحاس–أستاذاهلندسةاجليوتكنيكيةواإلنشائيةبكليةاهلندسة -جامعةعنيمشس–مصر.
.5
أ.د/.فيصلفؤادوفا–أستاذاهلندسةاملدنيةورئيسحتريرجملةالعلوماهلندسيةجبامعةامللكعبدالعزيز–اململكةالعربيةالسعودية.
.6
أ.د/.طارقاملسلم–أستاذاهلندسةاإلنشائيةجبامعةامللكسعود -اململكةالعربيةالسعودية .
.7
اهلندسة الكهربائية
 .8أ.د/.فاروقإمساعيل– رئويسجامعوةارهورامالكنديوةورئويسجلنوةالتعلويموالبحوثالعلمويمبجلوسالشوورىاملصوريوأسوتاذهندسوةا ال 
الكيربائيةبكليةاهلندسة–جامعةالقاهرة–مصر.
 .9أ.د/.حسنيإبراهيمأنيس–أستاذهندسةاجليدالعاليبكليةاهلندسة–جامعةالقاهرة–مصر.
 .11أ.د/.حممدعبدالرحيمبدر–عميدكليةاهلندسة–جامعةاملستقبلوأستاذهندسةا ال الكيربائيةبكليةاهلندسة–جامعةعنيمشس–مصر.
 .11أ.د/.متوليالشرقاوي–أستاذالقوىالكيربائيةبكليةاهلندسة–جامعةعنيمشس–مصر.
  .12أ.د/.علىحممدرشدي–أستاذاهلندسةالكيربائيةواحلاسببكليةاهلندسة–جامعةامللكعبدالعزيز–اململكةالعربيةالسعودية.
 .13أ.د/.عبدالرمحنالعريين–أستاذهندسةاجليدالعاليبكليةاهلندسة–جامعةامللكسعود–اململكةالعربيةالسعودية.
 .14أ.د/.ساميتابان -أستاذاالتصاال باملدرسةالوطنيةلالتصاال –تونس .
اهلندسة امليكانيكية
 .15أ.د/.حممدالغتم–رئيسمركزالبحرينللدراسا والبحو .
 .16أ.د/.عادلخليل–وكيلكليةاهلندسةوأستاذالقوىامليكانيكية -جامعةالقاهرة–مصر.
 .17أ.د/.سعيدجماهد -أستاذهندسةوميكانيكااإلنتاج–بكليةاهلندسة–جامعةالقاهرة -مصر.
 .18أ.د/.عبدامللكاجلنيدي–أستاذاهلندسةامليكانيكيةوعميدمعيدالبحو واالستشوارا بكليوةاهلندسوة -جامعوةامللوكعبودالعزيوز–اململكوة
العربيةالسعودية .
احلاسبات واملعلومات
أ.د/.أمحدشرفالدين–أستاذنظماملعلوما بكليةاحلاسبا واملعلوما –جامعةحلوان–مصر.
.19
أ.د/.عبداهللالشوشان–أسوتاذهندسوةاحلاسوببكليوةاحلاسوبا – جامعوةالقصويمومستشواروزيورالتعلويمالعوا والبحوثالعلموى
.21
باململكهالعربيهالسعوديه.
أ.د/.معمربطيب–أستاذهندسةاحلاسب–جبامعةالشارقهارهليه–ارمارا العربيهاملتحده.
.21
أ.د/.فاروقكمون–أستاذالشبكا –كليةعلوماحلاسب–جامعةتونس -تونس .
.22
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